
1

2 3
4

56

7
8

9

10
+

-

*

/&
@

%

Journal of 
Mathematical Sciences

An Ofcial Publication of Department of Mathematics 
Shri Ram Murti Smarak College of Engineering & Technology, Bareily, UP

MRI Publication Pvt Ltd.

Vol. 3(1) Year 2017 ISSN No. : 2394-725X

College of Engineering & Technology
Bareilly









ABOUT SHRI RAM MURTI SMARAK TRUST

Shri Ram Murti Smarak Trust, a public charitable Trust (Reg.) was established in the year 1990, to 

commemorate & Cherish memory of veteran freedom fighter, true Gandhian, ex-parliamentarian, ex-

minister U.P., Late Shri Ram Murti Ji.

The primary objective of the Trust is to provide and promote education and research in the field of 

Engineering & Technology, Medicine, Humanities, Science and Management.

ABOUT THE JOURNAL

SRMS Journal of mathematical sciences is a refereed annual journal published by Department of 

Mathematics, Shri Ram Murti Smarak College of Engg. & Tech. Bareilly (U.P).Its objective is to 

disseminate knowledge and encourage a cooperative and collaborative academic environment. The 

journal publishes original research papers and survey articles in Mathematical sciences and their 

Applications.

Copyright  @2016

All rights reserved

l The views expressed in the articles are those expressed by the contributor and not necessarily those  of the Editorial Board 
of the Journal.

l The Editorial Board invites original, unpublished contribution in the form of research papers, articles, research reviews or 
review article and case studies.

l No part of this publication may be reproduced or transmitted in any form or by means  or stored in my material including 
permissions. Application for permission for other use of copyright material including permission to reproduced extracts 
in other published works shall be made to the publisher. Full acknowledge  of author, publisher and source must be given.

ISSN No. : 2394-725X

(i)





Chief Patron
Shri Dev Murti

Chairman
SRMS Trust

Patron
Shri Aditya Murti

Secretary
SRMS Trust

(iii)



EDITORIAL BOARD

Prof. Prabhakar Gupta 
(SRMS College of Engg.& Technology, Bareilly, India), 

Email: prabhakar.gupta@srmscet.edu

CHIEF EDITOR

EXECUTIVE EDITORS

Dr. Kamlendra Kumar 
(SRMS College of Engg.& Technology, Bareilly, India) 

Email:kamlendra.14kumar@gmail.com

 Dr. Anju Khandelwal
(SRMS College of Engg.& Technology, Bareilly, India) 

Email: draju07khandelwal@gmail.com

EDITORIAL MEMBERS

Published by : MRI Publication Pvt. Ltd. (OPC) on behalf of SRMS College of Engineering & Technology, Bareilly

TECHNICAL AND MANAGING EDITOR

Dr. Mani Agarwal 
(SRMS College of Engg. & Technology, Bareilly, India) 

Email: drmaniagarwal12@gmail.com

Dr. Suneet Saxena 
(SRMS College of Engg. & Technology, Bareilly, India) 

Email: sunarn2012@gmail.com

1.  Prof. H.S. Dhami, Department of Mathematics, Kumaun 
University, drhsdhami@gmail.comEmail: 

2. Prof. P. N. Pandey, Department of Mathematics, 
University of Allahabad, India,
Email : pnpiaps@rediffmail.com)

3. Prof. D. Bahuguna, Department of Mathematics and 
Statistics, IIT Kanpur, dhiren@iitk.ac.inEmail: 

4. Prof. Dr. H. M. Srivastava, Department of Mathematics 
and Statistics, University of Victoria, Victoria, British 
Columbia V8W 3R4, Canada, 
Email: harimsri@math.uvic.ca

5. Prof. Vijay Gupta, Department of Mathematics, NSIT 
Delhi, vijaygupta2001@hotmail.comEmail: 

6. Prof. Khalil Ahmad, Department of Mathematics, Jamia 
Millia Islamia, New Delhi, jmi.ac.inEmail: kahmad1@

7. Prof. Taekyun Kim,  Kwangwoon University, Seoul, 
South, Korea, Email: tkkim@kw.ac.kr

8. Prof. Mashhoor Al-Refai (Princess Sumaya University of 
Technology, Jordan) Email: m.refai@psut.edu.jo

9. Prof. Mircea Ivan (Technical University of Cluj-Napoca, 
Romania), Email: mircea.ivan@math.utcluj.ro

10. Prof. S.B.Singh (Pantnagar University, India), 
Email: drsurajbsingh@yahoo.com

11. Prof. J.Prakash (University of Botswana, Botswana) 
Email: Prakashj@mopipi.ub.bw

12. Prof. A.K.Mishra (IIT BHU, India), 
Email: akmishra_knp@yahoo.co.in

13. Prof. Rajendra G. Vyas (M.S. University of Baroda, 
India) Email:drrgvyas@yahoo.com

14. Dr. Pradeep K. Gupta (University of Pretoria, South 
Africa), Email: pradeep1976@yahoo.com

15. Dr. Rakesh Kumar (Hindu College , Moradabad, India), 
Email: rakeshnaini1@gmail.com

16. Dr. Sanjeev Kumar (Dr. Bhim Rao Ambedkar University, 
Agra, India), Email: sanjeevibs@yahoo.co.in

17. Dr. Harendra Kumar (Gurukula Kangari University, 
Haridwar, India), Email: balyan.kumar@gmail.com

18. Dr. Vishnu Narayan Mishra (Sardar Vallabhbhai National 
Institute of Technology, Surat, India) 
Email: vishnunarayanmishra@gmail.com

19. Dr Pradeep Kumar Yadav, CSIR- Central Building 
Research Institute Roorkee-247667, Uttrakhand, 
Email: prd_yadav@rediffmail.com

20. Dr. Sudhanshu Aggarwal (Indian National Science 
Academy, New Delhi), Email: s_aggarwal11@yahoo.com

21.  Dr.Padam Singh Tomar, Galgotias College of Engg.and 
Tech. Gr. Noida,(U.P.) India, Email: 
tomar.padam@gmail.com

22. Dr. Indrani Chattopadhyay, Department of Applied 
Mathematics, University of Calcutta, India, Email: 
icappmath@caluniv.ac.in

23. Prof. B CTewari Department of mathematics, SSJ 
Campus, Almora, Kumaun University, Email: 
drbctewari@yahoo.co.in

24. Dr. Kali Charan, Assistant professor, Department of 
Mathematics, Govt. PG college Dwarahat (Almora), UK, 
India., Email: kcyadav2008@gmail.com  

25. Prof. D.S.Hooda, (Former PVC, Kurukshetra University), 
Honorary Professor in Mathematics,, GJUST, Hisar-
125001(Haryana) & Adviser(R) to ABV Hindi University, 
Bhopal, Email: ds_hooda@rediffmail.com

(iv)



Prof. Avanish Kumar
Chairman CSTT, Director CHD, MHRD 

New Delhi
dravanishkumar@gmail.com

Dr. Yogesh Awasthi
Associate Professor

College of Engineering and Computer Science
Department of Information Technology

Lebanese French University, Erbil
dryogeshawasthi@lfu.edu.krd

Dr.  Mamta Singh
Associate Professor

Department of Mathematics and Computer Sciences
Bundelkhand University

Jhansi (U.P.)
singhmamta.dev@gmail.com

Dr. Prashant Kushwah
Associate Professor

Department of Mathematics and Statistics
Banasthali Vidyapith 

Niwai, Rajasthan 304021

Advisory Board

(v)





Published by : MRI Publication Pvt. Ltd. (OPC) on behalf of 
SRMS College of Engineering & Technology, Bareilly

Printed at : Laxmi Offset, Sanjaygandhipuram, Faizabad Road, Lucknow  

Contents

SRMS Journal of Mathematical Sciences

Volume 3(1)

01. Analytical Study of MHD Thermoconvective Waves through its Propagation 1-6

 Madan Lal

02. A Study of Associative Memories with Hopfield neural network Model for  7-12

 handwritten character recognition   

 Sandeep Kumar and Manu Pratap Singh

03. QCF, A useful toolfor Quantum Neural Network implementation in Matlab 13-16

 Kishori Radhey and Manu Pratap Singh

04. Reliability Estimation of Bridge System Using C-H-A Algorithm 17-20

 Suneet Saxena

05. Nonlinear Retarded differential Equations with Nonlocal History Conditions  21-26

 Shalabh Saxena

06. Exact Relativistic Modeling of Einstein's Field Equations for Isotropic  27-34

 Radiating Stars 

 Kali Charan

07. A Fuzzy Assignment Approach: Categorically for Selection Technique  35-41

 Anju Khandelwal 

2017

(vii)





SRMS Journal of Mathematical Sciences, Vol. 3(1), 2017, pp. 1-6  
ISSN: 2394-725X 

SRMS Journal of Mathematical Sciences, Vol. 3(1), 2017, pp. 1-6, ISSN: 2394-725X  1 
 

 

Analytical Study of MHD Thermoconvective Wavesthrough its Propagation 
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 Abstract 
Following is the analytical study on the propagation of undamped 
thermoconvective waves, an electrically conducting viscous fluid is 
hypothesized which has the property of uniform horizontal magnetic field 
in heating the uniform vertical concentration gradient for a solute. It has 
seen that undamped thermoconvective waves propagation in a specific 
order, whereas the heating of fluid, is based on the solute concentration, 
this decreased vertically or show vertical pattern. If the heating of fluid 
takes place in upward manner the propagation of waves is highly effected, 
the above aspect proves hypothetically and has shown that its laboratory 
demonstration is also possible. 

Keywords  

MHD 

Thermoconvective waves 

Concentration gradient 
Magnetic diffusivity 

 

 

1. Introduction  
Many scientists has worked on the hypothesis of  thermoconvective waves with MHD. The condition 푘 >

휂  (푘 = 4.5 × 10 푐푚 푠푒푐 푎푛푑휂 = 7.6 × 10 푐푚 푠푒푐 ),does not exist in hydromagnetic stability has been 
studied by ‘Chandrasekhar’ (1961). ‘Luikov and Berkovsky’ (1970) observed that phenomenon of BENARD 
convection does not exist for MHD or the propagation of waves showed decreased manner. The waves having this 
character are known as TCW, which are effected by nature of fluid and gravitational field. The moving property of 
TCW specially in fluid which have the property of electrical condition shows the propagation of the waves uniformly in 
horizontally magnetic field was investigated by ‘Takashima’ (1972). ‘Bhattacharyya and Gupta’ (1985) studied the 
mechanism of propagation of TCW in the binary mixture situation. The propagation of the damped MHD 
thermoconvective  waves   depend on  the  temperature  and   heat the  waves  also  shows  the relationship between 
thermal and magnetic diffusivity (푘 > 휂) where  푘 and휂 represent thermal and diffusivity of the fluid, this situation is 
possible in astrophysical condition. 
The present study is based on a solute with uniform vertical concentration gradient for the study of propagation of 
undamped MHD thermoconvective waves for viscous fluid. The whole study is the indication for a certain condition of 
undamped propagation of TCW (푘 > 휂). 

2. Formulation and Solution of the problem 
The concerned equations of undamped MHD thermoconvective waves can be represented in the form as given 

below:  

  div v⃗ = 0, (2.1) 

  div H⃗ = 0, (2.2) 

  휌 ⃗ = - grad Q + μ H⃗.gradH⃗ +μ∇ v⃗ +ρg,⃗ (2.3) 

  
⃗

= H⃗.gradv⃗ +η∇ H⃗, (2.4) 

  = 푘 ∇ θ, (2.5) 

  = 푘 ∇ C. (2.6) 

 Where  

 = + v⃗. ∇⃗ 

mailto:madanlal_mjp@rediffmail.com
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The equation of state  

 (i.e.) 휌 =  휌 [1− 훼(휃 − 휃 ) − 훼′(퐶 − 퐶 )] (2.7) 
Reduces to  

  휌 = 휌 + ∇⃗휌 + ∇⃗휌  .         (2.8)                                                                                            

Here, ∇⃗휌 and ∇⃗휌  are the change in the density variation due to the variation of temperature and 
concentration respectively. Fluid velocity, density, magnetic permeability, coefficient of dynamic viscosity magnetic  
field, temperature, concentration of solute and acceleration due to gravitational are denoted by 
v⃗, ρ, μ  ,μ, H⃗θ, C, and g⃗respectively. As described earlier that the magnetic diffusivity indicated by 휂 . 휎 is the fluid’ 

electrical conductivity in the equation (2.3), the pressure of the fluid indicated by Q where as  denotes the magnetic 
pressure. When temperature increamentation takes place the density of the fluid decreased, whereas if the density 
increases, the solute concentration will also be increased. 

If we consider the mass transfer equation as described in equation (2.6), the Fick’s law is used, according to 
which , diffusion flux is proportional to concentration gradient, actually diffusion flux  is the total amount of solute 
which is transported by diffusion through a single unit area with a single unit time, the diffusion flux 횤 ̂ showed 
correlation variance with ∆C and ∆θ . If we consider the heat fluxv⃗, this is also depends on ∆C and ∆θ . 
We have the equation  

  횤̂ = −휌푘 ∇⃗퐶 + ∇⃗휃 .      (2.9) 

         Which indicates the Fick’s law with the addition of mass transfer due to the change in correlation gradient, the 
temperature gradient is also responsible for the mass transfer as described above. This is associated with soret effect and 
denotes the thermal diffusivity in the equation (2.9) ,where the coefficient 푘  is the ratio of thermal diffusion. There is 
also the phenomenon of heat transfer with the variation in concentration gradient is highly effected in a binary mixture, 
in addition to heat transfer due to temperature gradient. This another heat transfer due to ∆C is defined as “diffusion-
thermo effect” or ‘Dufour’. In the present paper study soret and Dofour effect are not considered due to neglectivity of 
these laws are important for mixture of the gas (incompressible binary mixture in the studies). The density 
variation ∇⃗휌   denotes in the L.H.S. of the equation (2.3). Here is displaced by equation (2.8) and is negligible. The 
equation (2.7) and (2.8) represent the concentration in the basic state, there is the variation v, ρ, H, θ, Q, andC can be 
represented in the following manner when the state is undisturbed. 
 

  v⃗ = 0   Q = Q (x),             ρ = ρ (x), (2.10)                                                   

휃 =  θ − βx,                     C = C − β′x,                 H⃗ = H⃗  
Where β and β′ may be either positive or negative. Comparing equations (2.1) to (2.8),we have 

  + ρ g = 0,ρ = ρ 1 + αβx + α′β′x . (2.11)                   

Where the transverse plane waves are considered for propagation along y-axis, the variables are considered as : 

  v⃗ = (ν , 0)  Q = Q (x) + Q ,     ρ = ρ (x) + ρ , (2.12)                                                                              

  H⃗ = h, H⃗ 휃 =  θ − βx + θ ,     C = C − β′x + ϕ  (2.13)   

The functions of y and t are variable with perturbation quantitiesν , Q , ρ  , h, θ ,ϕ . H ⃗and h both arise due to the 
expansion of the undisturbed horizontal magnetic line of forces with the vertical movability of by propagation of waves. 
 Equations (2.1) and (2.2) elaborate the condition of magnetic solenoidel and equation of continuity, these are 
identical with reference to  v and H as shown in equations (2.12) and (2.13). By using equations (2.12) and (2.13) in 
equations (2.3) to (2.6) and taking the help of equations (2.7),(2.8),(2.10) and (2.11),we get the following equations: 

  ∇⃗ v − g⃗(αθ + α′ϕ )− μ ⃗

ρ
=0,     (2.14) 
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  ∇⃗ηh− H⃗ ν = 0, (2.15)                          

  ∇⃗ θθ − βν = 0, (2.16)                              

 ∇⃗ϕ − β′ν = 0, (2.17)                                   

Where 

휈 = μ
ρ

 ,    ∇⃗ ≡ − x . 

The equations (2.14) to (2.17) represent the phenomenon of natural convection with the help of equations (2.7) and 
(2.8),we can find the approximation of Oberneck- Boussinesq, when the small oscillation takes place. Here we can 
explain a specific force for a single fluid pressure can be denoted by p ,{ρ = ρ(θ, p) . An algebraic equation of state is 
connected with ρ, θ and p  can be integrodifferential  equation as below: 

 d휌 = 푑휃 + 푑푝, (2.18)                                                                                                                  

this equation is the derivative extended part of 훼 = − 푎푛푑훽 = .Equation for 휌 with density distribution 

휌  can be solved at equilibrium state as below: 

  휌 = 휌 1− α(휃 − 휃 ) + βθ(p− p )  (2.19)                                                   

if we consider horizontal temperature difference for a gravitational field and is no forced convection p− p = 0, the 
value of p− p based on solution for vertical temperature differences, this cannot be shown as priori. The natural 
convection can be shown slow motion with minute rates of deformation, if pressure of all particles can assumed as 
hydrostatic in nature. So we can take p− p ∼ ρgL ,here L is the vertical length ,then the equation (2.19) takes of the 
form  

      
      

~ βθρ

α∆θ
 (2.20) 

Here ∆휃 = 휃 − θ , if L=2m and ∆휃~20 C for  water , the ratio can be 2.5x10 .Here effect of pressure on density 
variation can be neglected. According to ‘Arpaci’and Larsen’for atmospheric air L=2cm and ∆휃~20 C,the ratio should 
be 23.5x10 .Here in the effect of compressibility on density change can be ignored or neglected . In equation (2.20) 
the effect of compressibility on density change can be ignored for thick layer (H⃗) and temperature difference is small. 
So the equation of state (2.19) can be summarized in the form of equation 
  휌 = 휌 [1− α(휃 − 휃 )] (2.21)                          
The phenomenon of compressibility effect on density change has proved in the above equation.α, the volume expansion 
coefficient having the range of 10  to10 for most of the fluid ,the variations in the density are 1% at 20 C for small 
variation in the temperature, here density is constant in terms of natural convection except in the buoyancy force 
휌 g⃗훼∆휃 ,which is proved by equation (2.21), the Oberbeck-Boussinesq approximation has proved by mathematical 
justification if the following conditions are governed:  

i) Movement is buoyancy- driven and no forced convection is seen. 
ii) The thickness of layer is not large when natural convection takes place. 
iii) 휃is small compared with fluid layer. 

From above statement the Oberbeck- Boussinesq approximation has proved in two situations found from above 
statement: 

i) The magnitude of α′in the modi ied form of equations  
(2.7) and (2.8), is very small (α′ < 0). 

ii) C which is variation in the concentration throughout the fluid layer is minutely compared with Q 
itself. 

The Oberbeck- Boussinesq approximation has proved by buoyancy force g⃗(훼휃 + 훼′휙 )in the equation (2.14)  i.e. 
momentum equation. The thickness of the layer in which natural convection takes place is not too large in our opinion 
the length of the tank containing the binary mixture can be compared with height of tank 

(휈 ,휃  ,휙  ,ℎ) = (V,휉,휙,퐺)푒 ( )  (2.22) 
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Where V,휉,휙푎푛푑퐺 are constant,휔 is real and wave number is k. Subscription of the equation (2.22) in equations (2.14) 
to (2.17) and elimination of  V,휉,휙푎푛푑퐺, thus we get the dispersion relation in the form of non dimensionless condition 
of the equation in the following manner :  

푎 + ℓ 푎 + ℓ (푎 + ℓ ) 푎 + ℓ − 훾 − 푎 + ℓ 훾 ′ 푎 + ℓ −푀ℓ 푎 + ℓ = 0,      (2.23) 

Where  

휔 =  휔  ,              ℓ =  ν ℓ  , R =     ν
θ
 , P=     ν

 
 , 

훾 =  ν 훼훽,푅 =    ,훾 . = ν 훼′훽′   ,M = 
( ) /  ,a1 = i휔 . (2.24) 

If there is no presence of magnetic field (M=0) and there is neither any type of temperature gradient nor any 
concentration of solute gradient (γ = γ ′ =0). Equation (2.23) paired  in four first order equation ofℓ  and explain pure 
viscous diffusion waves (휈-waves), pure mass diffusion waves (k −waves), pure thermal diffusion waves (kθ −
waves) and pure magnetic waves (η− waves). This is known very well that amplitude of waves described by a specific 
factor of exp(2휋) ≃ 540 times per wave lenth. These type of waves are very strongly damped. In the following 
situation M≠ 0, γ ≠ 0, γ ′ ≠ 0, the pure waves joined to produce four type of mode’s like modified kθ − waves , 
modified k −waves, modified 휈-waves and modified η− waves .This waves shows possibilities of undamped TCW. 
The value of ℓ should be actual for undamped propagation of TCW, here the speed of dimensionless phase shows 

ℓ
position. When we solve the imaginary part of equation (2.23) ,we can find the equations (2.25) and (2.26) for 

ω ≠ 0 and ℓ ≠ 0 as given below: 

 휔 − + + + 1 + ℓ + Mℓ − γ − γ ′ ω + ℓ + ℓ − ℓ γ ′ + γ = 0 (2.25)
                                                                            And 

 휔 + + + 1 = ℓ + 1 +ℓ + ℓ + M − γ + + γ ′ +  (2.26)
  
Equation 2.26 can be written as 

 휔 =  B ℓ + B ℓ + B  (2.27)                                              
 

Where B = −
γ γ ′

 (2.28) 

 
  In the consequences of equations (2.27)and (2.25) takes the form 

ℓ B − B
1

RR +
1
P +

1
P + 1

1
R +

1
R +

1
RPR  

+ℓ 2B B − B M− B
1

RR +
1
P +

1
P + 1

1
R +

1
R +

M
RP  

+ℓ 2B B + B + B γ + γ′ − B
1

RR +
1
P +

1
P + 1

1
R +

1
R – MB −

1
R

γ
R +

γ ′
P  

           +ℓ 2B B + B γ + γ′ − B M + B + B γ + γ′ = 0 (2.29)                                                                   
  

Equation (2.29) is a biquadratic equation in ℓ  with real coefficients. When we consider the product of ℓ ,ℓ , ℓ and ℓ  
assume as four roots as a negative, the equation (2.29) represent at least one positive root. Using the values of  
B ,B and B  from equations(2.26)to (2.28) in equation (2.29), we get 

  (ℓ ℓ ℓ ℓ )ퟐ =   (2.30)                                               
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Where 

 C = 
γ γ′ γ γ′

 (2.31) 

 D = ⎣
⎢
⎢
⎢
⎢
⎡

⎦
⎥
⎥
⎥
⎥
⎤

 (2.32)                 

Since R  ,R and P all are positive, therefore from  above equation D < 0 
Let us consider  

  γ + + γ′ + < 0. (2.33)                                                            

  γ + 1 + γ′ + 1 > 0.                                                    (2.34)                   

In the above case, equation (2.31) follows that C > 0 and equation (2.30)  shows the product of the four roots of the 
equation (2.29)  is negative. In this way equation (2.29) allow to enter one root ℓ  , which is positive that ℓ  is real . 
From equation  (2.27), we find 휔 > 0 , here 휔   is real and the values of B  and B  are positive and B > 0  with 
reference to the equation (2.28) and inequality (2.33). When we consider the inequalities (2.33) and (2.34) the 
undamped TCW can propagate till both 휔  and ℓ  are real. The following cases may be considered.           

i. If kθ > k  (or R < 푃) 
The undamped TCW can propagate in the hatched region A of     γ − γ ′  parameter plane (Fig. 1) from 
above situation such a region exists when  γ > 0 푎푛푑γ ′< 0. 

ii. If  kθ < k  (or R > 푃)  The undamped TCW indicate hatched area B of γ − γ ′  parameter plane (Fig. 2) 
from above situation such a zone  exists when  γ < 0 푎푛푑γ ′> 0. 

iii. If  kθ = k  (or R = P)  The undamped TCW indicate unsatisfactory answer, it means undamped TCWcan 
not exist. This have no more physical interest. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                Fig.2: Zone of undamped TCW for 퐤훉 < 퐤퐩 
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It is very much interesting phenomenon of propagation of MHD thermoconvective waves in presence of magnetic field 
which is parallel to the gravitational direction. Another interesting phenomenon is that thermoconvective waves 
possibilities appear in the binary fluid layer due to heating effect from below or above in the presence of solute, the 
waves propagation will not be affected  by the magnetic field. During the propagation of transverse waves, fluid 
particles shows movement to upward and downward in a verticle direction, it is also the property of MHD flow that 
there is no electromagnetic force which initiates in the fluid due to the direction of the fluid flow parallel to the 
magnetic field. So we can say that the propagation of TCW has not affected by the magnetic field or electric current 
which is initiated in the flow of propagation. 

3. Discussion 
The inequalities (2.33) and (2.34) implies that the presence of undamped TCW have few physical valuable significance. 
The conditions of inequalities (2.33)and (2.34)and the conditions used in manetic prandtl number R ν

η
 do not 

represent the restriction  of kθand 휂 (Takashima). Above described condition does not depend on the strength of the 
magnetic field (M),which are reverse with the result of ‘Takashima’. The presence of undamped waves based on the 
power of magnetic field. Conditions are satisfactory in the two cases kθ > k  and kθ < k whereγ andγ ′ so reserve 
sign α > 0 푎푛푑α′ < 0 in equation (2.24)which shows β and β′ both positive or both negative. We can find very 
interesting result on BENARD convection ,if fluid is heated from below (β > 0) the BENARD convection does not 
appear. In this condition the solute concentration decrease vertically β′ > 0 ,the propagation of undamped TCW shows 
kθ > k γ andγ ′ behind in the region of A (Fig.1).The result of kθ < k  that undamped TCW can propagate if  the 
layer is heated above β < 0 which provide that solute concentration increases vertically upward β′ < 0γ andγ ′ behind 
in the zone B (Fig.2).if we consider that a small drop of fluid is displaced downward in the new condition of the drop at 
higher temperature with higher concentration of solute shows some variation in the condition of variation in k suppose 
kθ < k . The diffusion of mass should be faster than the heat from the drop for the surrounding area, the drop become 
less dominant in solute but it is hotter the surrounding associated region, so it increases again. The downward and 
upward motion is responsible of TCW. In both the cases of k,(i.e.)kθ > k and kθ < k , relationship between potential 
energy and density appears. This indicates the propagation with viscous and destriction of energy. 
At last, we can say that the inequalities (2.33) and (2.34) do not put any relationship with M, the effect is possible for 
the demonstration of TCW in the laboratory is possible for outer magnetic field. 
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 ABSTRACT 
Neural network is the most important model which has been studied in 
past decades by several researchers. Hopfield model is one of the network 
model proposed by J.J. Hopfield that describes the organization of 
neurons in such a way that they function as associative memory or also 
called content addressable memory. This is a recurrent network similar to 
recurrent layer of the hamming network but which can effectively perform 
the operation of both layer hamming network. The design of recurrent 
network has always been interesting problems to research and a lot of 
work is going on present application. In present paper we will discuss 
about the design of Hopfield Neural Network (HNNs), bidirectional 
associative memory (BAMs) and multidirectional associative memory 
(MAMs) for handwritten characters recognition. Recognized characters 
are Hindi alphabets.   
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1. INTRODUCTION 
This paper deals with the basics of artificial neural networks (ANN) and their applications in handwritten 

characters recognition. ANN can be viewed as computing models inspired by the structure and function of the 
biological neural network. These models are expected to deal with problem solving in a manner different from 
conventional computing. A distinction is made between pattern and data to emphasize the need for developing pattern 
processing systems to address handwritten characters recognition tasks. After introducing the basic principles of ANN, 
some fundamental networks are examined in detail for their ability to solve Hindi handwritten characters recognition. 
These fundamental networks together with the principles of ANN will lead to the development of architectures for 
complex handwritten characters recognition tasks. A few popular architectures are described to illustrate the need to 
develop an architecture specific to a given handwritten characters recognition problem. Finally several issues that still 
need to be addressed to solve practical problems using ANN approach are discussed [1]. 

One of the most common applications of NNs is in image processing. Some examples would be: identifying hand-
written characters; matching a photograph of a person's face with a different photo in a database; performing data 
compression on an image with minimal loss of content. Other applications could be voice recognition; RADAR 
signature analysis; stock market prediction. All of these problems involve large amounts of data, and complex 
relationships between the different parameters [2]. Functionally also humans and machines differ in the sense that 
humans understand patterns, whereas machines can be said to recognize patterns in data. In other words, humans can 
get the whole object in the data even though there may be no clear identification of sub patterns in the data. For 
example, consider the name of a person written in a handwritten cursive script [3]. Even though individual patterns for 
each letter may not be evident, the name is understood due to the visual hints provided in the written script. Likewise, 
speech is understood even though the patterns corresponding to individual sounds may be distorted sometimes to 
unrecognizable extents. Another major characteristic of a human being is the ability to continuously learn from 
examples, which is not well understood at all in order to implement it in an algorithmic fashion in a machine. Human 
beings are capable of making mental patterns in their biological neural network from input data given in the form of 
numbers, text, pictures, sounds etc., using their sensory mechanisms of vision, sound, touch, smell and taste. These 
mental patterns are formed even when the data are noisy, or deformed due to variations such as translation, rotation and 
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scaling. The patterns are also formed from a temporal sequence of data as in the case of speech and motion pictures. 
Humans have the ability to recall the stored patterns even when the input information is noisy or partial (incomplete) or 
mixed with information pertaining to other patterns [4].An association is an input-output pair. Associative memory, also 
known as content-addressable memory, is a memory organization that accesses memory by its content instead of its 
address. It picks up a desirable match from all stored prototypes. An associative memory can be auto-associative or 
hetero-associative. The architecture of an associative memory network may be feed forward, bidirectional, or recurrent. 
The Hopfield model and the Boltzmann machine are popular auto-associative memories [4].Associative memories are 
useful for pattern recognition and pattern association. When an incomplete or corrupted sample is presented to the 
neural network, the network is required to recall the stored correct pattern [5]. 

Neural network has many applications. The most likely applications for the neural networks 
are (1) Classification (2) Association and (3) Reasoning. One of the applications of neural networks is in the field 

of pattern recognition. Pattern recognition is a branch of artificial intelligence concerned with the classification or 
description of observations. Its aim is to classify patterns based on either a priori knowledge or on the features extracted 
from the patterns. Pattern recognition is the recognition or separation of one particular sequence of bits or pattern from 
other such patterns. Pattern recognition [PR] applications have been varied, and so also the associated data structures 
and processing paradigms. In the course of time, four significant approaches to PR have evolved. In this paper, we have 
described a method used in our research work for the recognition of handwritten character. In the proposed work, we 
have used Neural–Network technique in the first phase and then the Euclidean distance metric is used to improve the 
recognition performance [6-10]. 
2. DATA COLLECTION AND PREPROCESSING 

Data collection for the experiment has been done from the different individuals. Currently we are developing 
datasets for Hindi. We have collected 2000 Hindi numeral samples from 200 different writers. Writers were provided 
with the plain A4 sheet and each writer has asked to write Hindi numerals from 0 to 12 for one time. The database is 
totally unconstrained and has been created for validating the recognition system . 

The collected documents are scanned using HP-scan jet 5400c at 300dpi which is usually a low noise and good 
quality image. The digitized images are stored as binary images in BMP format. A sample of Hindi handwritten 
numerals from the data set are shown in figure (a) respectively. 

 

 
Sample handwrittenFigure (a) 

 
3. BIDIRECTIONAL ASSOCIATIVE MEMORY (BAM) NETWORK: 

The bidirectional associative memory (BAM) is the minimal two-layer nonlinear feedback network. Bidirectional, 
forward and backward information flow, is introduced in neural networks to produce two way associative searches for 
stored stimulus-response associations (Ai, Bi). Two fields of neurons, FA and FB, are connected by an n X p synaptic 
matrix M. Passing information through M gives one direction, passing information through its transpose MT gives the 
other. Every matrix is bidirectional stable for bivalent and for continuous neurons. Paired data (Ai, Bi) are encoded in M 
by summing bipolar correlation matrices. The bidirectional associative memory (BAM) behaves as a two-layer 
hierarchy of symmetrically connected neurons. When the neurons in FA and FB are activated, the network quickly 
evolves to a stable state of two pattern reverberation, or pseudo adaptive resonance, for every connection topology M. 
The stable reverberation corresponds to a system energy local minimum [7-20]. An adaptive BAM allows M to rapidly 
learn associations without supervision. Stable short-term memory reverberations across FA and FB gradually seep 
pattern information into the long-term memory connections M, allowing input associations (Ai, Bi) to dig their own 
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energy wells in the network state space. The BAM correlation encoding scheme is extended to a general Hebbian 
learning law. Then every BAM adaptively resonates in the sense that all nodes and edges quickly equilibrate in a system 
energy local minimum [8-12]. A sampling adaptive BAM results when many more training samples are presented than 
there are neurons in FA and FB, but presented for brief pulses of learning, not allowing learning to fully or nearly 
converge. Learning tends to improve with sample size. Sampling adaptive BAMs can learn some simple continuous 
mappings and can rapidly abstract bivalent associations [9-15]. 

          FB 

B 
 
 
 
 
 
FB                                                                        A             
 
 
BAM two-layer hierarchy of symmetrically connected neurons Figure (b) 
 

4. MULTIDIRECTIONAL ASSOCIATIVE MEMORY (MAM): 

Multidirectional Associative Memory (MAM) is an associative memory model that can deal with multiple 
associations. It can be considered as a generalized Bidirectional Associative Memory (BAM). Multidirectional 
Associative Memory with a Hidden Layer (MAMH) improves the storage capacity of MAM [10]. MAM 
(Multidirectional Associative Memory) is an extended BAM (Bidirectional Associative Memory), and an associative 
memory model which can deal with multiple associations. If the training set has common terms, the conventional MAM 
often recalls the convolution MAM (Multidirectional Associative Memory) is an extended BAM (Bidirectional 
Associative Memory), and an associative memory model which can deal with multiple associations. If the training set 
has common terms, the conventional MAM often recalls the convolution patterns. IMAM (Improved Multidirectional 
Associative Memory) can store them, but the structure is complex and the storage capacity is extremely small because it 
must use correlation matrix all patterns. IMAM (Improved Multidirectional Associative Memory) can store them, but 
the structure is complex and the storage capacity is extremely small because it must use correlation matrix [11]. 
5. HOPFIELD NEURAL NETWORK (HNN) : 

The Hopfield neural network was introduced by Hopfield in 1982, which introduced the climax of the research on 
the neural networks. This network was extended to bidirectional associative memory (BAM) neural network by Kosko 
in 1987 and to multidirectional associative memory (MAM) neural network by Hagiwara in 1990. They all can realize 
associative memory. But by using the MAM neural networks, one can achieve the many-to-many association which is a 
very advanced function of human brain. The many-to-many association has found wide applications in image de-
noising, speech recognition, pattern recognition, and intelligent information processing . For example, it was shown that 
today most Indians are derived from the two-ancestor group gene by DNA analyzing [22]. If we need to distinguish 
which category an Indian belongs to, then this is a many-to-many associative problem [12-25]. Hopfield neural network 
look like figure (c)  

 
 
 
 
 
 
 
 
 

Figure (c) 
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6.  RESULTS   DISCUSSION 
Recognition system has been implemented using Mat lab 7.10 The scanned image and the image drawn using paint 

application is given as an input to the Hopfield neural net architecture where it is first converted from .png to .bmp file 
and then it is resized to a standard format of 30*30 pixels image followed by the thresholding / binarization operation. 
The structure of neural network includes an input layer with 52 inputs including row wise and column wise features, 
two hidden layers each with 100 neurons and an output layer with 52 neurons. The gradient descent back propagation 
method with momentum and adaptive learning rate and log-sigmoid transfer functions is used for neural network 
training . 

 
 
 
 
 
 
 
 
 

Hopfield Neural Network Figure(C) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Regression result Figure(d) 
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7. CONCLUSION 
In this paper we have presented a hybrid type Zone based feature extraction algorithm for the recognition of 

popular Indian Hindi scripts. Nearest neighbor and Hopfield neural network classifiers are used for classification and 
recognition. We have obtained 99% recognition rate for Hindi numerals. Using zone based feature extraction, we have 
achieved good results even when certain preprocessing steps like filtering, Smoothing and slant removing are not 
considered. Our future work aims to improve classifier to achieve still better recognition rate and also to develop new 
zone based feature extractions algorithms, which provides efficient results. Also we plan to extend our work to other 
Indian numeral scripts. Also effective implementation of multiple classifier system is one of our future research 
directions. 
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 ABSTRACT 
Most proposals for quantum neural networks have skipped over the 
implementation of the Qubit, superposition, entanglement and 
measurement in order to be used in MATLAB environment. Quantum 
computing uses unitary operators acting on discrete state vectors.Matlab is 
a well-known (classical) matrix computing environment, which makes it 
well suited for simulating quantum algorithms.The Quantum Computing 
Function (QCF) library extends Matlab by adding functions to represent 
and visualize common quantum operations. On the other hand a new 
mathematical model of computation called Quantum Neural Networks 
(QNNs) is defined, building on Deutsch's model of quantum 
computational network. TheQuantum Neural Network (QNN) model 
began in order to combine quantum computing with the striking properties 
of neural computing. In this paper the use and importance of those 
functions is illustrated with the help of few examples.This paper presents 
a brief overview of QCF thathow it can be useful in Quantum Neural 
Network simulation. 

Keywords  
QCF, QNN, Quantum Computing, Qubit in 
MATLAB 

 

 
INTRODUCTION 

The research interest in Artificial Neural Networks comes from the networks' ability to mimic human brain as well 
as its ability to learn and respond. The neural networks have a large number of applications. Fields where ANN 
performed effectively are Pattern Recognition, classification, vision, prediction and control systems. A major focus of 
ANN research is its ability to learn or adaptation, which provides a degree of robustness to the neural network model. 
The power of ANN is due to its massivelyparallel, distributed processing of information and also due to the non-
linearity of the transformation performed by the Network.Nodes (neurons) in spite of rules are for determining optimal 
architectures, limited memory capacity, and catastrophic forgetting due to the pattern interference.  

On the other hand, Quantum Computer (QC) is quantum information processing unit. It is relatively new discipline 
and not yet completely understood, however, provides an excellent introduction to many of key ideas. Richard Feynman 
examined the role quantum mechanics can play in the development of future computer hardware and demonstrated [1] 
that time evolution of an arbitrary quantum state is intrinsically more powerful computationally than the evolution of 
logical classical state. Since then, quantum computing has attracted wide attention and soon became the hot topic of 
research, especially after Shor’s quantum prime factoring algorithm[2] and Grover’s random data base search 
algorithm[3] were proposed. Simon[4] demonstrated the power of quantum computation and proved quadraticreduction 
of the amount of quantum data required if quantum states rather than classical states are transmitted and Vetura[5] 
demonstrated potential of quantum system to exhibit correlations that cannot be accounted classically.  

Quantum Neural Network (QNN) is a burgeoning new field built upon the combination of classical neural 
networks and quantum computation. There are two main motivations for applying capabilities of quantum computation 
to neural networks: to compensate the ever decreasing scale in hardware development and to produce computational 
capability not available in classical neural computation.Zak[6] combined classical and quantum neural networks and 
developed quantum decision maker and Bshouty andJacksodemonstrated superiority of quantum learning algorithm 
over classical one in certain situations like Quantum Hopfield Networks andQuantum Associative Memories 
(Qu.AM).Quantum entanglement[8]is one of the most interesting features of quantum mechanics and it provides 
promising and wide applications in quantum information processing such as teleportation[9], dense coding[10,11], 
geometric quantum computation[11,12],quantum neural computing[13-15], universal quantum computing network[16-
18] and quantum cryptography[19-21]. Measurement and manipulation of entangled state of many particles system 
becomes a far reaching consequence of quantum information processing. Qubit is the basic building block of quantum 
computation and hence the experimental creation and measurement of qubit and entangled states is of crucial 
importance for various practical implementations of algorithms.The generation of quantum entanglement among 
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spatially separated particles requires non-local interactions through which the quantum correlations are dynamically 
created [22] but our present knowledge of quantum entanglement is not at all satisfactory[23]. 
Qubit; a basic building block 

A simple two- state quantum system is the basic unit of quantum computation: quantum-bit (qu-bit) where we 
rename two states as0-state, and 1-state. Smallest unit of information stored in a two-state quantum computer is called a 
qu-bit. If there is a system of m qu-bits, it can represent 2  states at the same time. 

Qubit is simply a two-level system with generic state as 
ǀψ>=푎│0>  +푏│1 >, 
a two-dimensional complex vector, where 푎 푎푛푑 푏 are complex coefficients specifying the probability amplitudes 

of corresponding states such that 
│푎│ + │푏│ = 1 

Quantum Computation (QC) can be defined as representing the problem to be solved in the language of quantum 
states and producing operators that derive the system to a final state such that when system is observed there is high 
probability of finding a solution. QC consists of state preparation; useful time evolution of quantum system; and 
measurement of the system to obtain information. Upon measurement system will collapse to a single basis state. Object 
of QC is to ensure that measured basis state is with high probability. 
Basic notation 

There are three basic quantum state notations that are frequently used in the literature: integer kets, binary kets, and 
vectors.For example, the following are all representations of the same state (in a 2-qubit space): 

 
 |3> |11> [0 0 0 1 ]T 
 
Starting with the theoretical basis of quantum computing in the present paper, Quantum Computing Functions have 

been explored as one of the key resources required for implementation of Quantum Neural Network using MATLAB. 
The simulator uses vectors as its primary internal representation, but provides functions to convert between 

notations: 
phi = bin2vec(bin) 
Converts a single binary string state representation to a state vector. 
For example: 
>> C1=bin2vec('11') 
0 
0 
0 
1 
>> Q1=bin2vec('011') 
0 
0 
0 
1 
0 
0 
0 
0 
phi=dec2vec(dec,n) 
Convert single decimal state representation to state vector. 
n is number of qubits in the vector space.  
>> C2 = dec2vec(1, 2) 
0 
1 
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0 
0 
>> Q2 = dec2vec(1, 3) 
0 
1 
0 
0 
0 
0 
0 
0 
Handling superposed states: 
>>QSP= 1/sqrt(2)*C1 + 1/sqrt(2)*C2 
0 
0.7071 
0 
0.7071 
The pretty-print functions:  
str = pretty(psi, [bin]) 
Gives a pretty-printed ket string for a (possibly superposed) state vector psi. 
By default the integer ket representation is used.The optional bin flag gives the binary version. 
>>pretty(QSP)  
0.7071|011> + 0.7071|101> 
>>pretty(QSP, 1) 
0.7071|3> + 0.7071|5> 

Measurement of state 
Measuring a state with respect to the standard basis causes it to collapse into one of its standard basis eigenstates, 

with an eigenstate’s probability given by the modulus of its squared amplitude.This non-deterministic process is 
simulated by the measure function: 

>>MQB = measure(QSP) 
 Measure QSP with respect to the standard basis. 
>> QSP = 1/sqrt(2)*C1 + 1/sqrt(2)*C2; 
>> MQB = measure(QSP) 
As |C1> and |C2> both have amplitude 1/sqrt(2), this measurement will result in the new |MQB> collapsing to 

|C1> or |C2>, each with probability ½. 
CONCLUSION 

In this paper, the concept of Quantum Computing is described and the concept of Quantum Computing is inherited 
from Quantum Mechanics phenomena. This paper also elaborates the representation of Qubit with its operators. The 
paper also highlights the implementation details of Qubit with MATLAB environment. The examples are also presented 
for support. In future the idea of Quantum Computing and Qubit representation will be used for the implementation of 
Quantum Gates and for development of Quantum Neural Network. The Quantum Neural Network will be used for 
various real world applications such as Pattern Recognition Task. 
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 ABSTRACT 
The paper present study of reliability of system consisting of electronic or 
mechanical components. These components perform different function and 
failure of any component causes failure of entire system. Every system has 
its life and failure  is inevitable, therefore objective of reliability study is to 
ensure that system works up to its life  without failure. In this paper we have 
applied C-H-A algorithm to bridge system and developed Reliability 
expression for it. 

Keywords  

Reliability,  C-H-A algorithm ,Structure 
function, Design Matrix.   

 

 

 

INTRODUCTION 

Reliability is the science that studies the laws of occurrence  of failure in technical equipments and offers remedial 
measures. Thus the basic concept of reliability is that failure free operation, which is defined as the ability of a 
device/system/equipment to function properly without a failure throughout a specified time and under specified 
conditions.  

The study of reliability gained momentum after World War II. Following the war, Aeronautical Radio, Inc. 
(ARINC) was established by the Commercial Airlines to improve airborne electronic equipment. In 1950, the U.S. Air 
Force formed an ad hoc group to improve general equipment reliability and in 1952, the defence  department 
established the Advisory Group on Reliability of Electronic Equipment (AGREE). The requirement of reliability testing 
and demonstration of new system emerged from this advisory group. During 1950s and 1960s, reliability studied by 
Bazovsky[4], Barlow and Proshan[3], Smith[7] and Kapoor and Lamberson[6]. Their work centered around the use of 
the various distribution such as exponential, Weibull, Normal etc. to represent failure times. During 1970s the forces 
shifted to fault tree analysis, largely because of concern about nuclear reactor safety. 

In 1980s reliability networks received considerable attention in the literature. Both reliability and maintainability 
received renewed emphasis in the mid 1980s with the introduction of the Air Force Reliability and Maintainability 
(R&M) 2000 program. Objectives of the R&M 2000 program were to increase system readiness and availability and to 
reduce maintenance personnel requirements and life cycle cost through increased reliability and maintainability by the 
year 2000. 

A very general alternative approach for analyzing the reliability of complex system is through the use of system 
structure function. Once one obtains the expression for the structure function, the system reliability computation 
becomes straight-forward. Such attempts have been made in the classical 1975 book  by Barlow and Proshan[2]. 
Various algorithm have been developed to evaluate structure function. Aven algorithm [1] based on minimal cut sets. It 
depends on the initial choices of 2 parameters. C-H-A algorithm proposed by Chaudhari, Hu and Afsar[5] based on 
minimal path set . 

In this paper we have applied C-H-A algorithm to bridge system and developed Reliability expression for it. The 
process involves construction of structure function and design matrix. The paper consist of  six section. Section 1 is the 
introduction. Section 2 presents Notations and Definitions.  Section 3 discussed CHA algorithm. Section 4 focuses on 
development of reliability of Bridge system. Finally sections 5  and 6 present discussion and references respectively.     
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Notations and Definitions 

Notations 

푛  : Number of components. 

푥   :  State of 푖  component. 

푥  :    ( (푥 ,푥 , … . . 푥 , … . 푥 )  state of system consisting of n components. 

∅(푥)  :  Structure function. 

푝      :  reliability of 푖  component  which is the probability. 

R     :  Reliability of system. 

Definitions 

Structure Function: 

Let      푥 = 1       푖푓푖  component  operates
0        푖푓푖  component  fails

 

 Then the system structure function is defined as  

 ∅(푥) = 1  푖푓푠푦푠푡푒푚표푝푒푟푎푡푒푠
0  푖푓푠푦푠푡푒푚푓푎푖푙푠  

Reliability of System: 

 Reliability of system in terms of structure function is defined as 

 푅 = 푝푟표푏푎푏푖푙푖푡푦 {∅(푥) = 1}  =  퐸{∅(푥)} 

 Were Expectation E  given by 

 퐸{∅(푥)} = 0. 푝푟표푏푎푏푖푙푖푡푦{∅(푥) = 0}  +  1. 푝푟표푏푎푏푖푙푖푡푦 {∅(푥) = 1}  

C-H-A Algorithm 

Step 1 : Find out minimal path sets. 

Step 2: Construct matrix P using minimal path set. Each column of P represent minimal path. Assign 1 forthe 
component present in path set and 0 for the component not present in path set. 

Step 3: Construct the design matrix D using the columns of P matrix. Start with two columns of P matrix and  
apply OR operation on a respective rows and resultant column will be appended in P matrix.  Perform same operation 
on all remaining columns. Process will be extended to three columns and so on. Once process will stop we will obtain 
design matrix D. 

Step 4: Construct a row vector S whose number of columns are same that of design matrix D. First m 
 elementsare1’s, where m is the number of columns in P matrix. Next elements (1 or -1) are determined 
according to rule  (−1) ,  where 푖 is the number of columns of P that are taken at a time to be OR’ed in particular 
step. 

Step 5: Let m be the number of columns in P matrix . Construct the structure function as follows 
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∅(푥) = 푆(푗) . 푥 ( , ) 

Where   퐷(푖, 푗) = 푒푙푒푚푒푛푡 (푖, 푗) 표푓퐷,     푆(푗) = 푒푙푒푚푒푛푡푗표푓푆. 

Reliability of Bridge System 

The bridge structure   has 5 components 

 

Minimal path sets are : {1,4}, {2,5}, {1,3,5}, {2,3,4}. 

P  matrix is given by                 푃 =

⎣
⎢
⎢
⎢
⎡
1 0 1
0 1 0
0 0 1

0
1
1

1 0 0
0 1 1

1
0⎦
⎥
⎥
⎥
⎤
 

Design matrix is given by   퐷 =

⎣
⎢
⎢
⎢
⎡
1 0 1
0 1 0
0 0 1

0 1
1 1
1 0

1 0 0
0 1 1

1 1
0 1

1 1 1
0 1 1
1 1 1

0 1
1 1
1 1

1 1 0
1 0 1

1 1
1 1

1 1 1
1 1 1
1 1 1

1 1
1 1
1 1

1 1 1
1 1 1

1 1
1 1⎦

⎥
⎥
⎥
⎤
 

푆 = [1 1 1 1 −1 −1 −1 −1 −1 −1 1 1 1 1 −1] 

structure function    ∅(푥) = ∑ 푆(푗) .∏ 푥 ( , )     m=4,  n=5. 

∅(푥) = ∑ 푆(푗) .∏ 푥 ( , )   

= 푆(1) 푥 ( , )푥 ( , )푥 ( , )푥 ( , )푥 ( , )  +……….  

                …….+푆(15) 푥 ( , )푥 ( , )푥 ( , )푥 ( , )푥 ( , ). 

∅(푥) = 푥 푥  + 푥 푥 +  푥 푥 푥 + 푥 푥 푥 − 푥 푥 푥 푥 − 푥 푥 푥 푥 − 푥 푥 푥 푥 − 푥 푥 푥 푥 − 푥 푥 푥 푥
− 2푥 푥 푥 푥 푥  

Expectation   
퐸{∅(푥)} = 퐸(푥 푥  ) + 퐸( 푥 푥 ) +  퐸(푥 푥 푥 ) + 퐸(푥 푥 푥 )− 퐸(푥 푥 푥 푥 )−퐸(푥 푥 푥 푥 )− 퐸(푥 푥 푥 푥 )

−퐸(푥 푥 푥 푥 )−퐸(푥 푥 푥 푥 )− 2(푥 푥 푥 푥 푥 ) 

Reliability 

 R= 푝 푝  + 푝 푝 + 푝 푝 푝 + 푝 푝 푝 − 푝 푝 푝 푝 − 푝 푝 푝 푝 − 푝 푝 푝 푝 − 푝 푝 푝 푝 − 푝 푝 푝 푝 −
2푝 푝 푝 푝 푝  
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DISCUSSION 

For last four decades, various methods have been developed to evaluate reliability of the system. The method 
discussed in this paper has got its own importance. Being an algorithm approach, we can write computer program and 
use computer to evaluate reliability of complex system. Further, the important reliability measures such as Brinbaum 
Reliability and  Chaudhari bounds can be evaluated easily. 
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 ABSTRACT 

In this paper we prove the existence and uniqueness of a strong solution of 
nonlinear retarded differential equation with a nonlocal history condition 
using the method of semidiscretization in time. Some applications of the 
abstract results is given in last section. 
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1 Introduction: Let us suppose the following nonlinear retarded differential equation in a real Hilbert space H , 

푢′(푡) + 퐴푢(푡) = 푓 푡,푢(푡), 푢 푟(푡) , 푡 ∈ (0,푇],     

ℎ 푢[ , ] = ∅ , 표푛[−휏, 0] ,
 (1.1) 

where 0<휏,푇 < ∞,∅ ∈ 퐶 = 퐶([−휏, 0];퐻), the nonlinear operator A is single-valued and maximal monotone defined 

from the domain 퐷(퐴) ⊂ 퐻푖푛푡표퐻, the nonlinear map 푓 is defined from [0,푇] × 퐻  into 퐻, the map ℎ is defined from 

퐶 푖푛푡표퐶  and 휓[ , ] is the restriction of 휓 ∈ 퐶 ≔ 퐶([−휏,푇];퐻).Here 퐶 ≔ 퐶([−휏, 푡];퐻) for 푡 ∈ [0,푇] is the Banach 

space of all continuous functions from [−휏, 푡] into 퐻 endowed with the supremum norm 

t
 = )(sup 

 t
, 휙 ∈ 퐶 , 

where‖. ‖represents the norms in 퐻 and the function 푟: [0,푇] → [−휏,푇]. 

We can also applied the existence and uniqueness results for (1.1) to the particular case, namely, the retarded functional 

differential equation, 

푢′(푡) + 퐴푢(푡) = 푓 푡, 푢(푡),푢(푡 − 휏) , 푡 ∈ (0,푇],     
푢 = ∅ , 표푛[−휏, 0],

 (1.2) 

Byszewski and Lakshmikantham [1],Byszewski [2], Balachandran and Chandrasekaran [3], Lin and Liu [4] and the 

references cited in these papers, establish the existence, uniqueness and stability of different types of solutions of 

differential and functional differential equations with nonlocal conditions. We aim to extend the application of the 

method of lines to (1.1). For the applications of the method of lines to nonlinear evolution and nonlinear functional 

evolutions, we refer to Kartsatos and Parrott [5, 6], Kartsatos [7], Bahuguna and Raghavendra [8], Bahuguna [9], and 

the refrences cited in these papers. 

Suppose that there is 휒 ∈ 퐶  such that ℎ 휒[ , ] = ∅  on [−휏, 0] and 휒(0) ∈ 퐷(퐴). We prove the existence of a strong 

solution 푢 of (1.1) under the assumptions of Theorem(2.1), stated in the next section , in the sense that there exists a 

unique function 푢 ∈ 퐶  such that 푢(푡) ∈ 퐷(퐴) for a.e. 푡 ∈ [0,푇], 푢 is differentiable a.e. on [0,푇] and 
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푢′(푡) + 퐴푢(푡) = 푓 푡,푢(푡), 푢 푟(푡) , 푎. 푒. 푡 ∈ [0,푇]     

푢[ , ] = 휒[ , ] , 표푛[−휏, 0] .
 (1.3) 

Finally, we show that 푢 is unique if and only if 휒 ∈ 퐶  satisfying ℎ 휒[ , ] = ∅  is unique up to[−휏, 0]. 

2 Preliminaries and Main result 

Let 퐻 be a real Hilbert space . Let < 푥,푦 > be the inner product of 푥,푦 ∈ 퐻.Further , we assume the following 

assumptions: 

(A1) The operator 퐴:퐷(퐴) ⊂ 퐻 → 퐻 is maximal monotone, i.e., 

< 퐴푥 − 퐴푦,푥 − 푦 >≥ 0, for all 푥, 푦 ∈ 퐷(퐴) and푅(퐼 + 퐴) = 퐻, where R(.) is the range of an operator. 

(A2) The map ℎ:퐶 → 퐶  and  there exists 휒 ∈ 퐶  such that ℎ 휒[ , ] = ∅  and 휒(0) ∈ 퐷(퐴). 

(A3) The nonlinear map 푓: [0,푇] × 퐻 → 퐻 satisfies a local Lipschitz-like condition 

‖푓(푡, 푢 ,푢 )− 푓(푠,푣 ,푣 )‖ ≤ 퐿 (푅)[|푡−푠| + ‖푢 − 푣 ‖+‖푢 − 푣 ‖], 

For all (푢 ,푢 ) and (푣 ,푣 ) in 퐵 (퐻 ,(휒(0), 휒(0)))and 푡 ∈ [0,푇]where 퐿 :ℝ → ℝ  is a non decreasing function and, 

for 푅 > 0, 

퐵 (퐻 ,(휒(0), 휒(0))) = {( 푢 ,푢 )  ∈ 퐻 :∑ ‖푢 − 휒(0)‖ ≤ 푅}. 

(A4) The maps 푟: [0,푇] → [−휏,푇] are continuous satisfying the delay property 푟(푡) ≤ 푡 for 푡 ∈ [0,푇]. 

Theorem2.1 Suppose that the assumptions (A1)-(A4) are satisfied. Then (1.1) has a strong solution 푢 ∈ 퐶  either on 

[−휏,푇] or on the maximal interval of existence [−휏, 푡 ), 0 < 푡 ≤ 푇, and in the later case either 

푙푖푚 → ‖푢(푡)‖ = ∞표푟푢(푡) goes to the boundary of D(A) as 푡 → 푡 − . Moreover, 푢 is 퐿푖푝푠푐ℎ푖푡푧 continuous on 

every compact subinterval of existence. 

3 Discretization Scheme and a Priori Estimates 

In this part we prove the existence and uniqueness of a strong solution to (1.3) for any given 휒 ∈ 퐶  with 휒(0) ∈ 퐷(퐴). 

For the application of the method of lines to(1.3), we proceed as follows . Let 푅 ≔ 푠푢푝 ∈[ , ]‖휒(푡)− 휒(0)‖. For any 

0 < 푅 ≤ 푅  ,we set 푡  such that 0 < 푡 ≤ 푇,  푡 ‖퐴휒(0)‖ + 3퐿 (푅 )(푇 + (푚 + 1)푅 ) + ‖푓(0, 휒(0), 휒(0)‖ ≤ 푅. 

For 푛 ∈ ℕ, let ℎ = 푡
푛.We set 푢 = 휒(0) for all 푛 ∈ ℕ and define each of 푢 as the unique solution of the 

equation 

+ 퐴푢 = 푓 푡 ,푢 ,푢 푟 푡 , (3.1) 

where 푢 (푡) =  휒(푡) for 푡 ∈ [−휏, 0],  푢 (푡) =  휒(0) for푡 ∈ [0, 푡 ] and for 2 ≤ 푗 ≤ 푛 

푢 (푡) =

휒(푡)푓표푟푡 ∈ [−휏, 0]
푢 + (푡 − 푡 )(푢 − 푢

푢 푓표푟푡 ∈ [푡 , 푡 ]
)푓표푟푡 ∈ (푡 , 푡 )푖 = 1,2 … , 푗 − 1  (3.2) 
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The existence of a unique 푢 ∈ 퐷(퐴)satisfying (3.1) is a consequence of the  m-accretivity of A. Using (A2) we first 

prove that the points 푢 lie in a ball with its radius independent of the discretization parameters j,ℎ and 푛. We then 

prove a priori estimates on the difference quotients{ } using (A2). We define the sequence{푈 } ⊂ 퐶  of 

polygonal functions 

푈 (푡) =
휒(푡)푓표푟푡 ∈ [−휏, 0]

푢 + 푡 − 푡 (푢 − 푢 )푓표푟푡 ∈ 푡 , 푡  (3.3) 

and prove the convergence of {푈 } to a unique strong solution 푢 of (1.3) in 퐶  as 푛 → ∞. 

Now, we first show that 푢  lie in a ball in H of radius independent of 푗,ℎ and 푛. 

Lemma 3.1 For 푛 ∈ ℕ, 푗 = 1,2, … … ,푛, 

푢 − 휒(0) ≤ 푅. 

Proof: From (3.1) for 푗 = 1 and the accretivity of A, we have 

‖푢 − 휒(0)‖ ≤ ℎ ‖퐴휒(0)‖+ 3퐿 (푅 )(푇 + 2푅 ) + ‖푓(0, 휒(0), 휒(0)‖ ≤ 푅. 

Assume that‖푢 − 휒(0)‖ ≤ 푅 for , 푖 = 1,2, … … , 푗 − 1.Now for 2 ≤ 푗 ≤ 푛, 

푢 − 휒(0) ≤ 푢 − 휒(0) + ℎ ‖퐴휒(0)‖ + 3퐿 (푅 )(푇 + 2푅 ) + ‖푓(0,휒(0), 휒(0)‖ . 

Repeating the above inequality, we get 

푢 − 휒(0) ≤ 푗ℎ ‖퐴휒(0)‖+ 3퐿 (푅 )(푇 + 2푅 ) + ‖푓(0, 휒(0),휒(0)‖ ≤ 푅. 

as 푗ℎ ≤ 푡  for 0 ≤ 푗 ≤ 푛. This completes the proof of the lemma. 

Now we establish a priori estimates for the difference quotients . 

Lemma 3.2 There exists a positive constant K independent of the discretization parameters n, j and ℎ  such that 

푢 − 푢
ℎ ≤ 퐾, 푗 = 1,2, … , 푛,푛 = 1,2, …. 

Proof: In this proof and subsequently, K will represent a generic constant independent of j, ℎ  and 푛. 

Subtracting 퐴푢 = 퐴휒(0) from both the sides in (3.1) and applying  퐹(푢 − 푢 ), using accretivity of A, we get 

푢 − 푢
ℎ ≤ ‖퐴휒(0)‖+ 3퐿 (푅 )(푇 + 2푅 ) + ‖푓(ℎ ,휒(0),휒(0)‖ ≤ 퐾. 

Now, for 2 ≤ 푗 ≤ 푛 applying 퐹 푢 − 푢 , to (3.1) and using accretivity of A, we get 

푢 − 푢
ℎ ≤

푢 − 푢
ℎ + 푓 푡 ,푢 ,푢 푟 푡 − 푓 푡 ,푢 ,푢 푟 푡 . 

From the above inequality we get 



Nonlinear Retarded differential Equations with Nonlocal History Conditions 

24  SRMS Journal of Mathematical Sciences, Vol-3, 2017, pp. 21-26, ISSN: 2394-725X 
 

max
{ }

푢 − 푢
ℎ ≤ (1 + 퐶ℎ ) max

{ }

푢 − 푢
ℎ + 퐶ℎ , 

where C is a positive constant independent of j, ℎ  and 푛. Proceeding the above inequality, we get  

}1{
max

jk
≤ ((1 + 퐶ℎ ) . 푗퐶ℎ ) ≤ 푇퐶푒 ≤ 퐾. 

Thus we find the proof of the lemma. 

We consider another sequence {푋 }  of step functions from [0, T] into H by 

푋 (푡) =
휒(0)푓표푟푡 = 0,

푢 푓표푟푡 ∈ 푡 , 푡  

Remark 3.3 From the lemma 3.2 it follows that the functions 푈  and 푢 ,0≤ 푟 ≤ 푛 − 1, are Lipschitz continuous on 

[0, 푡 ] with a uniform Lipschitz constant K. The sequence 푈 (푡)− 푋 (푡) → 0  in H as 푛 → ∞ uniformly on [−휏, 푡 ]. 

Furthermore, 푋 (푡) ∈ 퐷(퐴)  for 푡 ∈ [0, 푡 ] and the sequences {푈 (푡)} and {푋 (푡)} are bounded in H, uniformly in 

푛 ∈ ℕ and  푡 ∈ [−휏, 푡 ]. The sequence { 퐴푋 (푡)} is bounded uniformly in 푛 ∈ ℕ and 푡 ∈ [0, 푡 ]. 

For convenience, let 

푓 (푡) =  푓 푡 ,푢 ,푢 푟 푡 , 푡 ∈ 푡 , 푡 , 1 ≤ 푗 ≤ 푛. 

Then equation (3.1) may be rewritten as 

푈 (푡) + 퐴푋 (푡) = 푓 (푡), 푡 ∈ (0, 푡 ] (3.4) 

where   denotes the left derivative in (0, 푡 ]. Also , for 푡 ∈ (0, 푡 ], we have 

∫ 퐴푋 (푠)푑푠 =  휒(0) −푈 (푡) + ∫ 푓 (푠)푑푠. (3.5) 

Lemma 3.4 There exists 푢 ∈ 퐶 such that 푈 → 푢 in퐶 as 푛 → ∞. Moreover, 푢 is Lipschitz continuous on [0, 푡 ]. 

Proof: From (3.4) for  푡 ∈ (0, 푡 ], we have 

〈
푑
푑푡 (푈 (푡)−푈 (푡)),푋 (푡)−푋 (푡)〉 ≤ 〈푓 (푡)− 푓 (푡),푋 (푡)−푋 (푡)〉. 

In view of the above inequality , we find 

1
2
푑
푑푡

‖푈 (푡)− 푈 (푡)‖

≤ {
푑
푑푡 (푈 (푡)− 푈 (푡))− 푓 (푡) + 푓 (푡),푈 (푡)− 푈 (푡)− 푋 (푡)− 푋 (푡)} + {푓 (푡)

− 푓 (푡),푈 (푡)− 푈 (푡)}. 

Now, 

‖푓 (푡)− 푓 (푡)‖ ≤ 휖 (푡) + 퐾‖푈 −푈 ‖  , 

where 휖 (푡) = 퐾 ℎ + ℎ + ‖푋 (푡 − ℎ )− 푈 (푡)‖+ ‖푋 (푡 − ℎ )− 푈 (푡)‖+ 푟(푡)− 푟 푡 + 푟(푡)− 푟 푡 , 
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for 푡 ∈ 푡 , 푡  and 푡 ∈ 푡 , 푡 , 1 ≤ 푗 ≤ 푛, 1 ≤ 푙 ≤ 푘. Therefore 휖 (푡) → 0 as 푛,푘 → ∞ uniformly on [0, 푡 ], 

푑
푑푡
‖푈 (푡)−푈 (푡)‖ ≤ 퐾[휖 + ‖푈 − 푈 ‖ ], 

where 휖  is a sequence of numbers such that 휖 → 0 as 푛,푘 → ∞. Integrating the above inequality over (0, 푠), 0 <

푠 ≤ 푡 ≤ 푡 ,taking the supremum over (0, 푡) and using the fact that 푈 = ∅ on [−휏, 0] for all 푛, we get 

‖푈 − 푈 ‖ ≤ 퐾 푇휖 + ‖푈 − 푈 ‖ 푑푠 . 

Using Gronwall’s inequality we summarize that there exists 푢 ∈ 퐶  such that 푈 → 푢푖푛퐶 .  explicitly, 푢 = ∅ on 

[−휏, 0] and from remark 3.3 it follows that 푢 is Lipschitz continuous on [0, 푡 ]. Hence we get the proof of the lemma. 

Proof of theorem 2.1: Firstly we prove the existence on [−휏, 푡 ]and then prove the unique continuation of the solution 

on [−휏,푇] . Proceeding similarly, we may show that 푢(푡) ∈ 퐷(퐴) for 푡 ∈ [0, 푡 ], 퐴푋 (푡) ⇀ 퐴푢(푡) on [0, 푡 ] and 

퐴푢(푡) is weakly continuous on [0, 푡 ]. Here⇀  denotes the weak convergence in H. For every 푥∗ ∈ 푋∗ and 푡 ∈ (0, 푡 ], 

we have  

{퐴푋 (푠),푥∗}푑푠 = {휒(0), 푥∗} − {푈 (푡),푥∗} + {푓 (푠),푥∗}푑푠. 

Applying lemma 3.4 and the bounded convergence theorem, we get as 푛 → ∞, 

∫ {퐴푢(푠), 푥∗}푑푠 = {휒(0),푥∗}− {푢(푡),푥∗} + ∫ 푓 푠, 푢(푠),푢 푟(푠) , 푥∗ 푑푠. (3.6) 

Since 퐴푢(푡) is Bochner integrable [10] on [0, 푡 ],푓푟표푚(3.6) we get 

푢(푡) + 퐴푢(푡) = 푓 푡, 푢(푡),푢 푟(푡) , 푎. 푒. 푡 ∈ [0, 푡 ]. (3.7) 

Clearly , 푢 is lipschitz continuous on [0, 푡 ] and 푢(푡) ∈ 퐷(퐴)푓표푟푡 ∈ [0, 푡 ]. Now we prove the uniqueness of a function  

푢 ∈ 퐶  which is differentiable a.e. on [0, 푡 ]푤푖푡ℎ푢(푡) ∈ 퐷(퐴) a.e. on [0, 푡 ] and 푢 = ∅on [−휏, 0] satisfying (3.7). Let 

푢 ,푢 ∈ 퐶  be two such functions. Assume that 

푅 = max ‖푢 ‖ ,‖푢 ‖ . 

Then for 푢 = 푢 − 푢 ,we have 

‖푢(푡)‖ ≤ 퐶(푅)‖푢‖ ,  a.e. 푡 ∈ [0, 푡 ], 

where 퐶:ℝ → ℝ  is a nondecreasing function. Integrating over (0, 푠)푓표푟 0 < 푠 ≤ 푡 ≤ 푡 , taking supremum over 

(0, 푡) and using the fact that 푢 ≡ 0 표푛[−휏, 0],  we get 

‖푢‖ ≤ 퐶(푅) ‖푢‖ 푑푠. 

Application of Gronwall’s inequality implies that 푢 ≡ 0 표푛[−휏, 푡 ]. 

Now we prove the continuation of the solution 푢 on [−휏,푇]. Suppose 푡 < 푇 and consider the problem 
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푤 ′(푡) + 퐴푤(푡) = 푓 푡,푤(푡),푤 푟̃(푡) , 0 < 푡 ≤ 푇 − 푡 ,
푤 = 휒,   표푛[−휏 − 푡 , 0],

 (3.8) 

where  푓 (푡,푢 ,푢 )= 푓(푡 + 푡 ,푢 ,푢 ), 0 < 푡 ≤ 푇 − 푡 , 

휒(푡) = 휒(푡 + 푡 ), 푡 ∈ [−휏 − 푡 ,−푡 ],
푢(푡 + 푡 ),     푡 ∈ [−푡 , 0],  

푟̃(푡) = 푟(푡 + 푡 )− 푡 ,    푡 ∈ [0,푇 − 푡 ]. 

Since 휒(0) = 푢(푡 ) ∈ 퐷(퐴) and 푓 satisfies (A2) and 푟̃ satisfies (A4) on [0,푇 − 푡 ], we may followed as before and 

prove the  existence of a unique 푤 ∈ 퐶([−휏 − 푡 , 푡 ];푋), 0 < 푡 ≤ 푇 − 푡 , such that푤 is a Lipschitz continuous 

on[0, 푡 ],푤(푡) ∈ 퐷(퐴)푓표푟푡 ∈ [0, 푡 ] and 푤 satisfies 

푤 ′(푡) + 퐴푤(푡) = 푓 푡,푤(푡),푤 푟̃(푡) , 푎. 푒. 푡 ∈ [0, 푡 ],
푤 = 휒,   표푛[−휏 − 푡 , 0],

 (3.9) 

Then the function 푢(푡) = 푢(푡),         푡 ∈ [−휏, 푡 ],
푤(푡 − 푡 ),           푡 ∈ [푡 , 푡 + 푡 ], 

is lipschitz continuous on [0, 푡 + 푡 ],푢(푡) ∈ 퐷(퐴)푓표푟푡 ∈ [0, 푡 + 푡 ] and satisfies (1.3) a.e. on [0, 푡 + 푡 ]. Proceeding 

in the same manner we may prove the existence either on the whole interval [−휏,푇] or on the maximal interval of 

existence [−휏, 푡 ), 0 < 푡 ≤ 푇. In case 푙푖푚 → ‖푢(푡)‖ < ∞, then as푢(푡) ∈ 퐷(퐴)푓표푟푡 ∈ [0, 푡 ),  we have 

푙푖푚 → 푢(푡)  is in the closure of 퐷(퐴)  in H and if is in 퐷(퐴) then we can widen 푢(푡)  beyond 푡   contradicting 

the definition of the maximal interval of existence. 

Now, let 푢  be the strong solution of (1.3) corresponding to χ satisfying ℎ(휒[ , ] = ∅ .  If there are 휒 , 휒 ∈ 퐶  (푇is 

either equal to T or 푇 < 푡   ) such that ℎ 휒[ , ] = ℎ 휒[ , ] = ∅  and  휒 ≠ 휒    on [−휏, 0] then clearly  푢 and 

푢  satisfying (1.3) are different. Hence the proof of the theorem(2.1). 
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 ABSTRACT 

We here investigate an exact relativistic model for an isotropic radiating 
star and the matching conditions required for the description of physically 
meaningful fluid. The interior matter fluid is shear-free spherically 
symmetric and undergoing radial heat flow collapsing under the influence 
of its own gravity. The model seems to be physically sound as it 
corresponds to the non-negative expressions for fluid density, isotropic 
pressure and radiation flux density throughout the star. The apparent 
luminosity as observed by the distant observer at rest at infinity is zero in 
remote past at the instance when the collapse begins and at the stage when 
collapsing configuration reaches the horizon of the black hole. 
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INTRODUCTION 

General theory of relativity has a great advantage in describing the physical world made by astrophysical objects with 
their structural compactness. The study of massive radiating stars can be most successfully done within the framework 
of general theory of relativity. The study of gravitational collapse of a massive star is important in physical processes 
like formation of a star from nebulae, galaxies and cluster of galaxies in the universe. It is a process in which a star 
contracts to a point under the influence of its own gravity. There occur, however, some extraordinary events during the 
entire life of a star when a significant fraction of the star matter is ejected with an uncommon speed into the surrounding 
space-time. Such an event, called supernovae burst, in the life of a strong gravity star cause a change in its gravitational 
field which may be non Newtonian. Any collapsing stellar object may end either into a black hole or into a naked 
singularity. Various scenarios of gravitational collapse have been considered which admit the possibility of naked 
singularity. Although Cosmic Censorship Conjecture says that nature avoid the naked singularities.  

In relativistic astrophysics, a detailed description of gravitational collapse of massive stars and the modeling of the 
structure of compact objects such as Neutron star, Quasar, Supernovae, Black hole etc. under various conditions is the 
most interesting phenomena. In fact, still there is no established theory available which can determine whether there 
will be the formation of a black hole or a naked singularity. There is no iron-clad evidence that black hole candidates 
are indeed black holes. There is no logic that prevents existence of naked singularities and as per Cosmic Censorship 
Conjecture Penrose[1]; himself considers this an open question. Understanding the characteristics and features of final 
fate of a collapsing system is not just important from the theoretical point of view; it has tremendous observational 
consequences as well. Virbhadra with his collaborators showed that Black holes and naked singularities could be 
observationally differentiated through their gravitational lensing features. In this direction Joshi [2] did a remarkable 
contribution.  

In order to construct realistic models, it is desirable to solve the Einstein’s field equations and frame exact solutions that 
are at least physically reasonable. Due to highly non linear nature, solving these equations is a very difficult task. 
Various efforts have been made in this direction; the pioneering in this field is Oppenheimer and Snyder [3]in which 
they assumed a spherically symmetric distribution of matter, adiabatic flow and the equation of state in the form of dust 
with Schwarzschild exterior. Later on taking into account the outgoing radiation from collapsing spherical fluid Vaidya 
[4] initiated the problem and the modified equations were proposed by Misner [5]; Lindquist et al. [6]for an adiabatic 
distribution of matter. Lemaitre [7]; Bowers [8]; and Bondi [9] are also pioneers in this direction. 

There are two cases for radiation, the first case describes the free streaming approximation while second one is diffusion 
approximation and in this case the dissipation is modeled by heat flow type vector and in this the model proposed by 
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https://doi.org/10.29218/srmsjoms.v3i01.11209


Exact Relativistic Modeling of Einstein’s Field Equations for Isotropic Radiating Stars 

28  SRMS Journal of Mathematical Sciences, Vol. 3(1), 2017, pp. 27-34, ISSN: 2394-725X 
 

Herrera [10]; Sharma [11]; Sharif [12]; Glass [13]; Herrera et al. [14-15]; Mitra [16] has been extensively studied by 
Santos [17] for the junction conditions of collapsing spherically symmetric shear-free non-adiabatic fluid with radial 
heat flow. On a similar ground a number of stellar models [de Oliveira et al. [18]; Bonnor et al. [19]; Banerjee et al. 
[20];Maharaj and Govender [21]; Ivanov [22]; Govender and Govender [23]; Tewari ([24], [25]); Tewari and Charan 
([26], [27], [28], [29], [30]); Pinheiro and Chan [31], and also references therein⦌ have been reported with the impact of 
various dissipative processes on the evolution.  

Keeping in view of shear free perfect fluid we here present a special solution and its detailed study of Tewari [25] in 
order to construct a realistic model of collapsing radiating star. The interior space-time metric is matched with Vaidya 
exterior metric Vaidya [4] over the boundary, and the final fate of our model is formation of a black hole. The paper is 
organised as follows: In sec. 2 the field equations and the junction conditions which match the interior metric of the 
collapsing fluid with the exterior metric are given. In section 3 a new class of exact solutions of the field equations and 
a table of some special solutions are presented. In section 4 a detailed study of a class of solutions for a collapsing 
radiating star is given. In last Section we describe temperature profile of the solution and finally in section 6 some 
concluding remarks have been made.  

(A).  GENERAL DESCRIPTION OF INTERIOR AND EXTERIOR SPACE-TIME FOR COLLAPSING 
RADIATING STAR 

The metric in the interior of a shear-free spherically symmetric fluid distribution is given by  

 푑푠 = −푎 (푟, 푡)푑푡  + 푏 (푟, 푡){푑푟 + 푟 (푑휃 + 푠푖푛 휃푑휙 )} (1)  

The energy-momentum tensor for the matter distribution with radial heat flow is   

                                                   푇 = (휖 + 푝)푤 푤 + 푝푔 + 푞 푤 + 푞 푤   (2) 

where 휖 is the energy density of the fluid, 푝 the isotropic pressure, 푤 is the four- velocity and 푞  the radial heat flow 
vector.  

The fluid collapse rateΘ = 푤;   of the fluid distribution (1) is given as 

Θ =
̇
     (3)                                                         

here and hereafter the dots and primes stand respectively for differentiation with respect to t and r. 

After a lengthy calculation the non-trivial Einstein’s field equations with the help of (1) and (2) are given by as 
following system of equations    

                                                                   휅휖 = −
"
−

′
+

′
+  

̇
 (4) 

                                                      휅푝 =
′

+
′ ′

+
′
+

′
+ −

̈
−

̇
+ ̇ ̇   (5)  

                                                     휅푝 =
"
−

′
+

′
+

"
+

′
+ −

̈
−

̇
+

̇
 (6)   

                                                                           휅푞 = −
̇ ′

+
′ ̇

+
′ ̇

                          (7)     

 in geometrized units  휅 = 8휋 (푖. 푒.퐺 = 푐 = 1). 

The exterior space-time is described by Vaidya’s metric [4] which represents an outgoing radial flow of radiation   

푑푠 = − 1− ( ) 푑푣 − 2푑푅푑푣 + 푅 (푑휃 + 푠푖푛 휃푑휙 ) (8)                              

where 푣 is the retarded time and  푀(푣) is the exterior Vaidya mass. 

(B). BOUNDARY CONDITIONS OR JUNCTION CONDITIONS FOR SMOOTH MATCHING OF 
EXTERIOR AND INTERIOR SOLUTIONS 

The boundary conditions for matching two line elements (1) and (8) are well known and obtained by (Santos [17]) 

                                                                               (푟푏) = 푅 (푣)          (9) 
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                                                                               (푝) = (푞푏)                           (10) 

                                                        푚 (푟, 푡) = 푀(푣) =
̇
− 푟 푏′ −

′
    (11) 

where 푚  is the mass function calculated in the interior at푟 = 푟  (Cahill et al. [32]; Misner and Sharp [33]). 

The surface luminosity and the boundary redshift observed on Σ are (Lindquist et al. [6], de Oliveira et al. [18]) and 
given by 

 

퐿 =
 

{푟 푏 푞}  (12) 

푧 = 1 +
′
+ − 1 (13) 

The total luminosity for an observer at rest at infinity is                      

퐿∞ = − =
( )

 (14) 

(C).  TEMPERATURE PROFILE FOR RADIATING STAR COLLAPSING UNDER ITS OWN GRAVITY 

Let us investigate the evolution of temperature of the collapsing star. In view of extended irreversible thermodynamics, 
the relativistic Maxwell-Cattaneo relation for temperature governing the heat transport within the collapsing matter in 
the truncated Israel-Stewart theory has the form (Israel et al.[34], Maartens [35], and Martinez [36]) 

휏(푔 +푤 푤 )푤 푞  ; + 푞 = −핂(푔 +푤 푤 ) 푇, + 푇푤̇  (15) 

 where 핂 (≥ 0) is the thermal conductivity and 휏 (≥ 0) is the relaxation time. To get a simple estimate of the temperature 
evolution, by setting 휏 = 0 in (15) we have 

                                                                     푞 = −핂
 

푇 + 푇 = −
̇

 
 (16) 

If we assume thermal conductivity  핂 = 훾푇 ≥ 0, where 훾 and Ω are positive constants, on integration (16) yields 

푇 = ( ) − ( ) (  ) (17) 

where 푇 (푡) is an arbitrary function of t. The effective surface temperature observed by external observer can be 
calculated from the expression (Schwarzschild [37]) 

                                           푇 = ( ) 퐿 (18) 

where for Photons the constant 훿 is given by 훿 =
ℏ

, 푘 and ℏ denoting respectively Boltzmann and Plank constants. 
The surface temperature of the collapsing body is zero at the beginning and becomes infinite at the final phase of the 
configuration.                                                                                                                                                            

 

EXACT SOLUTIONS OF THE EINSTEIN’S FIELD EQUATIONS 

In order to solve the field equations we choose a particular form of the metric coefficients given in (1) into functions of 
푟 and 푡 coordinates as 

                                                                                      푎(푟, 푡) = 푎 (r)푔(푡)                                         (19)    

                                                                                       푏(푟, 푡) = 푏 (r)푓(푡)   (20) 

In view of (19) and (20) the field equations (6)-(9) i.e. the expressions of energy density and isotropic pressure lead to 
the following system of equations 
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                                                                                                 휅휖 = +
̇

(21)                                                               

 휅푝 = + −
̈
−

̇
+

̇̇
 (22)                                                         

                                                                                                 휅푞 = −
′ ̇

                              (23) 

where  

휖 = −
"
−

′

+
′

                                       (24) 

                                                                                  푝 =
′

+
′

+
′ ′

+
′

    (25) 

In the absence of non-adiabatic and dissipative forces the equation (14), (푝) = (푞푏)   reduces to the condition (푝 ) = 
0 and yields at푟 = 푟 = 푅  

̈
+

̇
−

̇̇
= ̇

 (26)   

 where  

                                                                                                 훼 =
′

 (27) 

 If we assume 푔(푡) = 푓(푡) (Tewari [24], [25]), solution of (26) is  

푓̇ = 2훼푓 + 훽 푓 (28) 

                                                                                      푡 = ln  1 + 푓   (29) 

where 훽 is an arbitrary constant and the constant of integration in (29) has been eliminated by the means of 
transformation in time.  

For collapsing configurations we must have푓̇(푡) ≤ 0. From equation (28) we have 훽 ≤ −2훼 as 푓(푡) is positive. We 
choose 훽 = −2훼 in order to have 푓̇(푡) → 0 푎푠 푓(푡) → 1 the solution (19), (20) and (29) represents a static perfect fluid 
at 푡 → −∞ and then the fluid gradually starts evolving into a non-adiabatic radiating collapse. 

By making use of the above transformations, equations (28) and (29) become 

푓̇ = −2훼 푓(1 − 푓 ) (30)        

                                                                                       푡 = ln  1− 푓  (31) 

We observed that the function 푓(푡) decreases monotonically from the value 푓(푡) = 1 푎푡 푡 == −∞ 푡표 푓(푡) = 0 푎푡 푡 =
0. 

INTERIOR SOLUTION OF COLLAPSING RADIATING STAR 

  In view of (7) and (8) the isotropy of pressure would give the equation  
"

+
"

=
′

+
′

+
′

 (32)  

The new parametric class of solutions of equation (32) obtained by Tewari [25] is given as 

                                                                    푎 = 퐷 (1 + 퐶 푟 ) +퐷 (1 + 퐶 푟 )   (33)     

                                                                                  푏 = 퐶 (1 + 퐶 푟 )      (34) 

where 푛, 푙, 퐶 , 퐶 ,  퐷 and퐷  are constants and  
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                                                                     푛 = {(푙 + 3) ± (푙 + 10푙 + 17)  (35)    

where n is real if 푙 ≥ −5 + 2√2or 푙 ≤ −5− 2√2. 

We regained a number of solutions from this general class of solution and they are listed in the following table and there 
could be more. 

Table 1 

S.N. 풏 풍 Authors/researchers Remarks 

1.     1, 0 −2 Schwarzschild (1916) First ever exact static interior  solution 
presented here  

2.     1, 0 −2 de Oliveira et al. (1985) Radiating star model has been  

Presented with the formation of Black hole 

3.     1, 0 −2 Bonnor et al. (1989) Radiating star model has been  

presented with the formation of Black hole 
and a detailed study presented here 

4. -1 0 Banerjee et al. (2002) The horizon-free case studied and present an 
example of naked singularity 

5. −1−√2 −5− 2√2 Tewari and Charan (2014) The horizon-free case studied and present an 
example of naked singularity 

6. −3,−2 −8 Tewari (2013) Radiating star model has been  

Presented with the formation of Black hole 

7. −4,−5
3 −26

3 Tewari and Charan (2015) Radiating star model has been  

Presented with the formation of Black hole 

8. −5,−3
2 −19

2 Tewari (2012) Radiating star model has been  

Presented with the formation of Black hole 

9. −7,−4
3 −34

3 Tewari and Charan (2015) Radiating star model has been  

Presented with the formation of Black hole 

10. −9,−5
4  −53

4 Tewari and Charan (2015) Radiating star model has been  

Presented with the formation of Black hole 

 

DETAILED STUDY OF A SPECIFIC MODEL 

In order to construct the new realistic model we assume  푛 = − ,the motivation to take such a value of n is generality 
of eqn. (35), by taking this value we get well behaved model of collapsing radiating star  

                                                            푎 = 퐷 (1 + 퐶 푟 ) +퐷 (1 + 퐶 푟 )    (36) 
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                                                                            푏 = 퐶 (1 + 퐶 푟 )  (37) 

By using (25), (28) and (29) expressions for휖, 푝 and 푞 become  

                                                                      휅휖 = + (  )    (38) 

                                                                                 휅푝 = + (  ) (39) 

                                                          휅푞 =
 

( ) ( )

(  )  (40) 

where  

                                                                        휖 =
( )

(93 + 28퐶 푟 )(41)                                                                                   

                                         푝 =
( )

(31 + 16퐶 푟 ) + ( ) 

( )
      (42) 

The junction condition (푝 ) = 0 gives 

                                                                       퐷 = ( )
( )

         (43) 

The total energy inside Σ for the static system 

                                                                           푚 = ( )

( )
            (44) 

using (25), (28) and (29) the fluid collapse rate is given by  

Θ = (  )

 ( ) ( )
  (45) 

where  

                                                                 훼 =
( )

( )
( )

    (46) 

We can show that 휖 and 푝 are finite and positive, 휖 > 푝  and 휖 < 0,  푝 < 0 for 0 ≤ 푟 ≤ 푟 . 

The total energy entrapped inside Σ given by (10), which becomes by using (13), (14), (25), (28), (29) and (38) 

                                        푀(푣) = 2 .
 ( )

.
( )

(1− 푓 ) +푚 푓    (47) 

Using (11), (12), (25), (28), (29) and (38) the luminosity and the red shift observed onΣ, luminosity observed by a 
distant observer are given by 

퐿 = 2 . .
( )

. (  ) (48) 

                                                  퐿 = 2 . .
( )

. (  ) .
( )

  (49) 
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                                                     푧 =

 ( )(  )

− 1    (50) 

 

 We obtain the black hole formation time as 

푓 = ( )      (51) 

and                                                          푡 = 푙푛 ( )   (52)                                                                                                 

RESULTS AND CONCLUDING REMARKS  

We have given a new model corresponding to 푛 = −4 3⁄  of (Tewari [25]). The interior metric is in separable form and 
the model seems to be physically and thermodynamically sound as it corresponds to well-behaved nature for the fluid 
density, isotropic pressure and the radiation flux density throughout the fluid sphere. Initially the interior solutions 
represent a static configuration of dissipative fluid which then gradually starts evolving into radiating collapse. In this 
model the collapse begins at infinite past with static configuration and formation of an event horizon. Apparent 
luminosity as observed by the distant observer at rest at infinity is zero in remote past at the instance when collapse 
begins and at the stage when collapsing configuration reach the horizon of the black hole.For this purpose we 
considered Einstein system in the presence of spherically symmetric shear free and with isotropic pressure undergoing 
radial heat flow. We present a number of parametric classes of exact solutions of Einstein’s field equations and the 
matching conditions required for the description of physically meaningful fluid. The interior metric is matched with 
Vaidya exterior metric over the boundary.  In this article we have presented a table of number of previously known and 
some new solutions. We have used existing solution of Tewari [25] for developing the model and also studied a solution 
in detail. We regained the solutions for 푛 = 0, 1 ; we rediscover the Schwarzschild interior solution and the collapsing 
radiating star model in this case has been studied by de Oliveira et al. [18] and Bonnor et al. [19] and for 푛 = −1, the 
solution reduces to Banerjee et al [20], for 푛 = − , it reduces to Tewari [25], for 푛 = −1− √2, horizon-free case 
studied by Tewari and Charan [26]. 
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 ABSTRACT 

The recruitment process in any departments or organizations is usually 
decided by traditional criteria. Lacking of theoretical basis, it is often 
difficult to achieve the desired result. In this paper we use triangular fuzzy 
number in delegation of recruitment process with the help of modified 
approach of assignment. For finding the optimal assignment, we make the 
balanced assignment problem, if unbalanced is given, then it is transformed 
into crisp assignment problem in linear programming by using the Robust’s 
ranking method. Finally the solution is obtained by modified method of 
assignment. This method is easier than the existing technique i.e. easier 
than the Hungarian Method and by this approach the numbers of iterations 
are reduced so that time taken by this method is less than the Hungarian 
method. 
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1. Introduction  
The assignment problem is a special type of Linear Programming Problem in which our objective is to assign n 

number of jobs to n number of persons at a minimum cost/ maximum profit. Assignment may be persons to jobs, 
classes to rooms, operators to machines, drivers to trucks, trucks to delivery routes, or problems to research teams, etc... 
The solution of assignment problem is defined by Kuhn[1] named as Hungarian method. To find solutions to assignment 
problem, various another algorithms such as Neural Network[2], Genetic Algorithm[3] etc. have been developed. Over 
the past 50 years many variations of the classical assignment problems are proposed e.g. Generalized Assignment 
Problem, Quadratic Assignment Problem, Bottleneck Assignment Problem etc. However, much of the decision making 
in the real world takes place in an environment where the objectives, constraints or parameter are not precise. Therefore 
a decision is often made on the basis of vague information or uncertain data. In 1970, Belmann and Zadeh introduced 
the concept of fuzzy set theory into the decision making problems involving uncertainty and imprecision. Fuzzy 
Assignment Problems have received great attention in recent years. Lin and Wen[4] proposed an efficient algorithm 
based on the labeling method for solving the Linear Fractional Programming Problem. Chen[5] discussed a fuzzy 
assignment model that considers all persons to have same skills. Long-Sheng Huang and Li-pu Zhang[6] developed a 
mathematical model for the fuzzy assignment problem and transformed the model as certain  assignment problem with 
restriction of qualification. Linzhong Liu and Xin Goa[7] considered the Genetic Algorithm for solving the fuzzy 
weighted equilibrium and multi job assignment problem. Jiuping Xu[8] developed a priority based Genetic Algorithm to 
a Fuzzy Vehicle Routing Assignment model with Connection Network. The total cost which includes preparing costs as 
the objective function and the preparing costs and the commodity flow demand is regarded as fuzzy variables. There are 
several papers[9-11] in the literature in which generalized fuzzy numbers are used for solving real life problems. Also 
Dominance of Fuzzy Numbers can be explained by many ranking methods [12-15]. Khandelwal A.[16] proposed Modified 
Assignment Approach for solution of Assignment problem to maximize the throughput / profit. This approach is also 
applicable in case of unbalanced Assignment problem. Also Khandelwal A.[17]proposed a method of recruitment by the 
use of fuzzy triangular number and genetic algorithm with Hungarian method. After performing the first stage (written 
test) of recruitment with fuzzy triangular number and Hungarian method, the later stages are accomplished with 
linguistic variables and final recruitment is performed by the use of genetic algorithm. 

2. Preliminaries 
In this section, some basic definitions are reviewed. 

mailto:dranju07khandelwal@gmail.com
https://doi.org/10.29218/srmsjoms.v3i1.12954
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2.1 Definition1: A Fuzzy Set is characterized by a membership function mapping element of a domain, space or 
the universe of discourse X to the unit interval [0,1] i.e. }));(,{( XxxxA A   . Here ]1,0[: XA is a 

mapping called the degree of membership function of the fuzzy set A and )(xA is called the membership 
value of Xx  in the fuzzy set A. these membership grades are often represented by real numbers ranging 
from [0,1]. 

2.2 Definition2: A Fuzzy Set A~ , defined on universal set of real number X, is said to be fuzzy number if, 
(i) A~  is convex, i.e. ]1,0[,,)),(x~),(x~min())1(x(~ 212121   Xxxx AAA ; 

(ii) A~  is normalized fuzzy set if there exist at least one Xx 0 with 1)(x~ o A ; 

(iii) Its membership function )(x~A is piecewise continuous. 
2.3 A Fuzzy Number });(~,{(

~
XxxxA A   is non-negative if and only if 0)(x~ A for all x<0. 

2.4 A fuzzy set A is convex if and only if, for any Xxx 21, , the membership function of A satisfies the 
inequality, 10)),(),(min())1(( 2121   xxxx AAA . 

2.5 For a Triangular Fuzzy Number A(X), it can be represented by A(a,b,c;1) with membership function )(x
given by  































otherwise                     ,0

     ,)(

                      ,1

     ,)(

)(
cxb

bc
xcxr

bx

bxa
ab
axxl

x  

Where )(~ xl and )(~ xr are the left membership function and right membership function of the fuzzy set. 
2.6 A Triangular Fuzzy Number )1;,,( cbaA   is said to be non-negative if and only if 0a . 
2.7 α-Cut: The α-Cut of a fuzzy number )(xA is defined as  ]1,0[  ,)(/)(   xxA . 
3. Fuzzy Assignment Problem 

In everyday life corresponding to each physical structure there is some mathematical phenomena. Here we 
describe mathematical model of assignment problem in the fuzzy theory for delegation of post in recruitment process.  

Assume that there are n jobs and n persons. These n jobs must be performed by n persons, where the cost depends 
on the particular work assignment. Let ijC be the cost if the ith person is assigned to the jth job. The problem is to find an 
appropriate assignment i.e. which job should be assigned to which person, so that the total cost for performing all the 
jobs should be maximum. The mathematical model of assignment problem is then given by 

njix

nix

njx

xCZMin

ij

n

j
ij

ij

n

i

n

j
ijij

....,,.........2,1,for  }1,0{                  

........,,.........3,2,1 , 1                   

.......,,.........3,2,1 , 1                   

 Subject to

 .

1

n

1i

1 1



















 

 

With an assumption that jth job will be completed by ith person and  






otherwise    ,0

jobjth   toassigned isperson ith  if     ,1
ijx  

In this conventional assignment problem, the cost coefficients are precise value. However in real life the 
parameters of assignment cost are not precise due to time/cost for doing job by a person/ machine might be vary due to 
different reason, such as assigning person to different work.  The assignment cost influenced by different parameters in 
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real life and therefore assignment cost coefficients are usually uncertain value and will change respectively in different 

time frames. In this paper we consider assignment cost as a fuzzy number and defined by )//(
~

cccc  where c 

represent the most possible assignment cost, c   the most optimistic assignment cost and c the most pessimistic 
assignment cost. Obviously if cost coefficients are fuzzy numbers, then the total assignment cost becomes fuzzy as well. 

Now, the fuzzy assignment problem is written as, 

njix

nix

njx

xczMin

ij

n

j
ij

ij

n

i

n

j
ijij

....,,.........2,1,for  }1,0{                  

........,,.........3,2,1 , 1                   

.......,,.........3,2,1 , 1                   

 Subject to

 .

1

n

1i

1 1

~~



















 

 

4. Robust’s Ranking Method 
In this paper we defined the fuzzy cost coefficient into crisp ones by a fuzzy number ranking method. For this we 

use Robust’s ranking method which satisfies compensation, linearity, and additive property and provide results which 
are consistent with human intuition. 

If 
~
c  is a fuzzy number then the Robust’s ranking is defined by  

duclccR  
1

0
),(5.0)

~
(   

Where ),( uclc  is the alpha level cut of the fuzzy number
~
c . 

5. Modified Method of Assignment 
Algorithm for Maximization Case 

Let A, B, C … Z denote resources and I, II, III, IV… denote the activities. Now we discussed various steps for 
solving assignment problem which are as follows. 
Step 1 Construct the cost matrix of the assignment problem. Consider row as a candidate (resource) and column as a job 
post (activity). 
Step 2 Write two columns, where column 1 represents candidates and column 2 represents job post. Under column 1, 
write the resources say, C1, C2, C3 and C4. Next find maximum unit cost for each row and correspondingly write it in 
terms of activities under column 2 for all the rows. 
Step 3 Let for each resource; if there is unique activity then assigned that activity for the corresponding resource, hence 
we achieved our optimal solution. If there is no unique activity for corresponding resources then the assignment can be 
made using following given steps: 
Step 4 Look which resource has unique activity and then assign that activity for the corresponding resource. Next delete 
that row and its corresponding column for which resource has already been assigned. 
Step 5 Again find the maximum unit cost for the remaining rows. Check if it satisfy step 4 then perform it. Otherwise, 
check, which rows have only one same activity. Next find the difference between maximum and next maximum unit 
cost for all those rows which have same activity. Assign that activity which has maximum difference. Delete those rows 
and corresponding columns for which those resources have been assigned. 
Remark: 
However if there is tie in difference for two and more than two activity then further take the difference between 
maximum and next to next maximum unit cost. Next check which activity has maximum difference, assign that activity. 
Step 6 Repeat steps 4 to 5 till all jobs are assigned uniquely to the corresponding activity. 
Step 7 Once all the jobs are assigned then calculate the total cost by using the expression,  

Total cost = 
 

n

i

n

j
ijij xC

1 1  
6. Numerical Example 
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Here we represent the real life problem using Triangular Fuzzy Number. This problem is concerned with the 
recruitment process of various candidates who appeared for different posts. A candidate who is most eligible for the 
given post among the different candidates is selected on the basis of scores obtained in various selection processes. 
These scores have been clubbed into a Triangular Fuzzy Number as follows: 

Criteria’s for the selection process are: 
a) Written Test  - WT 
b) Group Discussion - GD 
c) Personal Interview - PI 

Scores have been provided to all the above criteria’s out of 10 for different post. 
Different Posts for the same are as follows: 

a) Mechanical Utility Maintenance -  MUM  
b) Electrical Maintenance  - EM 
c) Instrument Maintenance  - IM 
d) Process Maintenance  - PM 

We have four candidates who appeared for the above three posts and the candidature for the same is shown in 
following tables: 

Candidate 1        

4985
7694
5867

PI
GD
WT

IMPMEMMUM

 
Candidate 2 

5639
8478
4695

PI
GD
WT

IMPMEMMUM

 
Candidate 3        

6378
10496
3849

PI
GD
WT

IMPMEMMUM

 

Candidate 4 

9837
3985
9674

PI
GD
WT

IMPMEMMUM

 
Now these scores obtained via different candidates have been clubbed together for different posts as shown in 

table given below 

)9,3,9()8,9,6()3,8,7()7,5,4(
)6,10,3()3,4,8()7,9,4()8,6,9(
)5,8,4()6,4,6()3,7,9()9,8,5(
)4,7,5()9,6,8()8,9,6()5,4,7(

4 Candidate
3 Candidate
2 Candidate
1 Candidate

IMPMEMMUM

 

These data have been taken through the in-house recruitment cell and for the delegation of post and only one 
written examination was conducted. 

Using Robust Ranking Method we get,  
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 b)k(cca,a)k(b)u
kc,l

k(c   

 dk 
1

0 uc,lc0.5)
~
cR( 

 Taking scores of Candidates:- 

  
   

  8

c12

 



dkk

kk

 
1

0
1445.0

8,638,9,6
 

 
Similarly, solving each score of all candidates, thefinal matrix obtained as under: 

685.625.5
25.775.425.725.7
25.655.65.7
75.525.785

4 Candidate
3 Candidate
2 Candidate
1 Candidate

IMPMEMMUM

 
Now on solving the above cost matrix via Hungarian Method and Proposed Method 
 

a) Proposed Method 
 
 

 
Step 1 

PMC4

IMEM,MUM,C3

MUMC2

EMC1









 
Since PM is a unique activity and occurs only one time therefore we assign C4 to PM and after deleting its 
corresponding row and column we get 

25.725.725.7
25.65.65.7
75.585

C3
C2
C1

IMEMMUM

 

Step 2 

IMEM,MUM,C3

MUMC2

EMC1







 
Since for EM activity it occurs twice in C1 and C3, therefore taking cost with maximum difference between 
maximum and its next maximum for both rows C1 and C3, we assigned C1 to EMand after deleting its 
corresponding row and column we get, 

   

5

c11





dkk

kk

)124(
1

0
5.0

5,735,4,7

685.625.5
25.775.425.725.7
25.655.65.7
75.525.785

C4
C3
C2
C1

IMPMEMMUM
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25.725.7
6.257.5

C3
C2

IMMUM

 
 
Step 3 

IMMUM,C3

MUMC2




 

Since for MUM activity it occurs twice in C2 and C3, therefore taking cost with maximum difference between 
maximum and its next maximum for both rows C2 and C3, we assigned C2 to MUMand C3 to IM. 

Therefore, final assignments are:  

PMC4

IMC3

MUMC2

EMC1









  685.625.5

25.775.425.725.7

25.655.65.7

75.525.785

C4

C3

C2

C1
IMPMEMMUM

 Max. Value: 30.75 
b)   Using Hungarian for Maximization case  

The resultant matrix is as under: 

205.175.2
75.025.375.075.0
75.135.15.0
25.275.003

C4
C3
C2
C1

IMPMEMMUM

 

After solving the above resultant matrix via Hungarian method we get the assigned locations as under: 

685.625.5

25.775.425.725.7

25.655.65.7

75.525.785

C4

C3

C2

C1
IMPMEMMUM

 

Max. Value: 30.75 
 

7. Conclusion 
 

The above process used for the delegation of job field to various candidates has been solved by Proposed and Hungarian 
method and it has been found that although the resultant obtained via these methods is same but the numbers of 
Iterations have been reduced which consecutively saves time and easier to perform. This approach is also useful for 
solving transportation problem. 
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